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 ✉✐ ❛♣♣❧✐ ✉❡ ❧❡ ❜♦♦    ❛♣ ❛✉①  ❡    ❞❡ ❧❛ ♠❛  ✐❝❡ ❞✬✐♥❢♦ ♠❛ ✐♦♥✳ ▲✬✉♥❡ ❞❡  ♣❛  ✐❝✉❧❛ ✐    ❞✉
❜♦♦    ❛♣ ❡    ✉✬✐❧ ❡♥ ❡①✐  ❡ ❞❡ ♥♦♠❜ ❡✉ ❡  ♠✐ ❡  ❡♥ ♦❡✉✈ ❡✱  ✉✐ ❞ ♣❡♥❞❡♥     ♦✐ ❡♠❡♥  ❞✉
❝♦♥ ❡① ❡   ✉❞✐ ✳ ▲✬❡①♣  ✐❡♥❝❡ ❞❡  ❛ ♣ ❛ ✐ ✉❡ ❡  ❧❡  ♥♦♠❜ ❡✉①    ✉❧ ❛   ❞❡   ✐♠✉❧❛ ✐♦♥   ✉ 
 ❡  ♣ ♦♣ ✐     ❡♥  ❝❤❛♥ ✐❧❧♦♥ ✜♥✐ ♠♦♥  ❡♥   ✉✬❡♥ ❣ ♥  ❛❧ ❧❡ ❜♦♦    ❛♣ ❞♦♥♥❡ ❞❡     ✉❧ ❛  
 ❛✐ ♦♥♥❛❜❧❡  ❡  ✜❛❜❧❡ ✱ ♠❛✐   ✉✬✉♥❡ ✉ ✐❧✐ ❛ ✐♦♥ ✐♥❛❞  ✉❛ ❡ ♣❡✉  ❛✈♦✐  ❞❡  ❝♦♥   ✉❡♥❝❡  ❞ ❛✲
♠❛ ✐ ✉❡ ✳ ◗✉❡❧ ✉❡  ❡①❡♠♣❧❡  ♦  ❧❡ ❜♦♦    ❛♣ ♥❡ ❢♦♥❝ ✐♦♥♥❡ ♣❛  ♦♥   ❣❛❧❡♠❡♥       ✐❣♥❛❧  
❞❛♥  ❧❛ ❧✐    ❛ ✉ ❡✱ ❝✬❡   ♣❛  ❡①❡♠♣❧❡ ❧❡ ❝❛  ♣♦✉  ❧❡  U✲  ❛ ✐  ✐ ✉❡  ❞ ❣ ♥   ❡  ❡  ❛✈❡❝ ❧✬❡  ✐✲
♠❛ ❡✉  ❞❡ ❧❛ ❜♦ ♥❡ θ ❞❡ ❧❛ ❧♦✐ ✉♥✐❢♦ ♠❡ U(0,θ)✱ ✈♦✐  ♣❛  ❡①❡♠♣❧❡ ❇✐❝❦❡❧ ❡  ❋ ❡❡❞♠❛♥ ✭✶✾✽✶✮✳
✷❉❛♥  ❧❡ ❝♦♥ ❡① ❡ ❞❡  ♠♦❞ ❧❡  ❞❡   ❣ ❡  ✐♦♥ ❝❧❛  ✐ ✉❡  ❡  ♣♦✉  ❧❡    ❛ ✐  ✐ ✉❡  ✉ ✉❡❧❧❡  ❡♥  ❝♦✲
♥♦♠   ✐❡✱ ❧❡ ❜♦♦    ❛♣ ♣❡✉  ❛♠ ❧✐♦ ❡  ❝♦♥ ✐❞  ❛❜❧❡♠❡♥  ❧❛  ✉❛❧✐   ❞❡ ❧✬✐♥❢  ❡♥❝❡✱ ♥♦ ❛♠♠❡♥ 
❡♥ ♣❡ ✐   ❝❤❛♥ ✐❧❧♦♥✳ ■❧ ❢❛✉   ♦✉ ❡❢♦✐   ❡  ❡  ❛  ❡♥ ✐❢ ❧♦   ❞❡  ♦♥ ✉ ✐❧✐ ❛ ✐♦♥✳
▲✬♦❜❥❡❝ ✐❢ ❞❡ ❝❡  ❛  ✐❝❧❡ ❡   ❞❡ ♣ ♦♣♦ ❡  ✉♥❡ ♠  ❤♦❞♦❧♦❣✐❡ ❣ ♥  ❛❧❡ ❞✉ ❜♦♦    ❛♣   ❛❞♦♣ ❡ 
❞❛♥  ❧❡ ❝♦♥ ❡① ❡ ❞❡  ♠♦❞ ❧❡  ❞❡   ❣ ❡  ✐♦♥✱ ❛✜♥ ❞✬❛♠ ❧✐♦ ❡  ❧❛ ✜❛❜✐❧✐   ❞❡    ❛ ✐  ✐ ✉❡  ❞❡
 ❡  ✳ ◆♦✉  ✉ ✐❧✐ ♦♥  ❧❛   ❣ ❡  ✐♦♥ ❧✐♥ ❛✐ ❡ ♣♦✉   ✐♠♣❧✐✜❡  ❧❛ ♣   ❡♥ ❛ ✐♦♥✱ ❧❡     ✉❧ ❛    ❡  ❛♥ 
✈❛❧❛❜❧❡  ❞❛♥  ❧❡ ❝❛❞ ❡ ❞❡    ❣ ❡  ✐♦♥  ♥♦♥✲❧✐♥ ❛✐ ❡ ✱  ♦❜✉  ❡  ♦✉ ♥♦♥✲♣❛ ❛♠   ✐ ✉❡ ✳ ❙✉  ❧❛
❜❛ ❡ ❞✬✉♥  ❛♣♣❡❧ ❞❡  ✉❡❧ ✉❡  ❢♦♥❞❡♠❡♥  ✱ ♥♦✉  ♣   ❡♥ ♦♥  ❧❡ ♣ ✐♥❝✐♣❡ ❞✉ ❜♦♦    ❛♣ ❞❛♥ 
❧❡ ❝♦♥ ❡① ❡ ❞❡  ♠♦❞ ❧❡  ❞❡   ❣ ❡  ✐♦♥✱ ♣✉✐   ❡  ❝♦♥❞✐ ✐♦♥  ❞✬❛♣♣❧✐❝❛ ✐♦♥ ✱  ❡❝ ✐♦♥ ✷✳ ◆♦✉ 
♣❛  ♦♥  ❡♥ ✉✐ ❡ ❡♥  ❡✈✉❡ ❞❛♥  ❧❛  ❡❝ ✐♦♥ ✸✱  ❡  ❞✐✛  ❡♥ ❡  ♠✐ ❡  ❡♥ ♦❡✉✈ ❡ ❡♥ ♣ ❛ ✐ ✉❡ ♣♦✉ 
❞✐✈❡   ❝❛❞ ❡  ❞✬❛♥❛❧② ❡ ❝♦✉ ❛♥   ❡♥  ❝♦♥♦♠   ✐❡ ✿ ❛❧ ❛  ✐✳✐✳❞✳ ✲ ❛❧ ❛  ❤    ♦ ❝ ❞❛  ✐ ✉❡  ✲
   ✐❡   ❡♠♣♦ ❡❧❧❡  ✲ ♠♦❞ ❧❡   ✉ ✲✐❞❡♥ ✐✜  ✳ ❉❛♥  ❧❛  ❡❝ ✐♦♥ ✹✱ ♥♦✉  ❡①♣♦ ♦♥  ❧✬✉ ✐❧✐ ❛ ✐♦♥ ❞✉
❜♦♦    ❛♣ ♣♦✉  ❝♦♥   ✉✐ ❡ ❞❡  ✐♥ ❡ ✈❛❧❧❡  ❞❡ ❝♦♥✜❛♥❝❡ ❡  ❝♦♠♣❛ ♦♥  ❝❡  ❡ ❛♣♣ ♦❝❤❡   ❝❡❧❧❡
❞❡   ❡    ❞✬❤②♣♦ ❤  ❡ ✳ ❋✐♥❛❧❡♠❡♥ ✱  ❡❝ ✐♦♥ ✺✱ ♥♦✉  ✐❧❧✉   ♦♥  ❧✬✉ ✐❧✐ ❛ ✐♦♥ ❡  ❧❡  ❛✈❛♥ ❛❣❡  ❞✉
❜♦♦    ❛♣     ❛✈❡   ✉♥❡ ❛♣♣❧✐❝❛ ✐♦♥ ❡♠♣✐ ✐ ✉❡✳
✷ ▲❡ ❜♦♦    ❛♣
❆✈❛♥  ❞❡ ♣   ❡♥ ❡  ❧❡ ♣ ✐♥❝✐♣❡ ❣ ♥  ❛❧ ❞✉ ❜♦♦    ❛♣ ❞❛♥  ✉♥ ♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥✱ ♥♦✉ 
❞ ✜♥✐  ♦♥   ✉❡❧ ✉❡  ❝♦♥❝❡♣   ❢♦♥❞❛♠❡♥ ❛✉①✳ ❊♥ ✉✐ ❡✱ ♥♦✉    ✉❞✐♦♥  ❧❛ ✈❛❧✐❞✐   ❛ ②♠♣ ♦ ✐ ✉❡
❡  ❧❛ ♣  ❝✐ ✐♦♥ ❡♥  ❝❤❛♥ ✐❧❧♦♥ ✜♥✐ ❞❡ ❝❡  ♠  ❤♦❞❡ ✳
✷✳✶ ❋♦♥❞❡♠❡♥  
❊♥ ♣ ❡♠✐❡  ❧✐❡✉✱ ♥♦✉  ❞♦♥♥♦♥  ❧❡  ❞ ✜♥✐ ✐♦♥  ❞❡ ❝❡  ✉❡  ♦♥  ✉♥ ♠♦❞ ❧❡✱ ✉♥ ♣ ♦❝❡  ✉ 
❣ ♥  ❛ ❡✉  ❞❡ ❞♦♥♥ ❡ ✱ ✉♥❡   ❛ ✐  ✐ ✉❡✱ ✉♥ ♣✐✈♦  ❡  ✉♥ ♣✐✈♦  ❛ ②♠♣ ♦ ✐ ✉❡✳
❖♥ ❞ ✜♥✐   ♦✉  ♠♦❞ ❧❡ M ❝♦♠♠❡ ✉♥ ❡♥ ❡♠❜❧❡ ❞❡ ♣ ♦❝❡  ✉  ❣ ♥  ❛ ❡✉  ❞❡ ❞♦♥♥ ❡ ✱
♦✉ ❡♥ ❡♠❜❧❡ ❞❡  ●❉✳ ❖♥ ❡♥ ❡♥❞ ♣❛  ♣ ♦❝❡  ✉  ❣ ♥  ❛ ❡✉  ❞❡ ❞♦♥♥ ❡ ✱  ✉❡❧ ✉❡ ❝❤♦ ❡  ✉✐
♣❡✉     ❡  ✐♠✉❧  ♣♦✉   ♦✉ ❡  ❛✐❧❧❡ ❞✬ ❝❤❛♥ ✐❧❧♦♥  ✉  ♦ ❞✐♥❛ ❡✉ ✱ ❛✜♥ ❞❡ ❣ ♥  ❡  ✉♥ ❡♥ ❡♠❜❧❡ ❞❡
❞♦♥♥ ❡ ✳ ▲✬❛ ♣❡❝  ❡  ❡♥ ✐❡❧ ❞✉  ●❉ ❡    ✉✬✐❧ ♥✬❡   ♣❛  ❞ ✜♥✐   ♠♦✐♥   ✉❡ ❧✬♦♥ ❛✐   ✉✣ ❛♠♠❡♥ 
❞✬✐♥❢♦ ♠❛ ✐♦♥ ✿ ❧❡  ✈❛❧❡✉   ❞❡  ♣❛ ❛♠   ❡   ♦♥  ❝♦♥♥✉❡  ❛✐♥ ✐  ✉❡ ❧❡  ❧♦✐  ❞❡ ♣ ♦❜❛❜✐❧✐   ✳ ❯♥
❡①❡♠♣❧❡  ✐♠♣❧❡ ❡   ❧❡ ♠♦❞ ❧❡  ✉✐✈❛♥  ✿
y = Xβ + u, E(u|X) = 0, E(uu
⊤|X) = σ
2I ✭✶✮
♦  y ❡   ✉♥ ✈❡❝ ❡✉  ❞❡ n ♦❜ ❡ ✈❛ ✐♦♥ ✱ X ✉♥❡ ♠❛  ✐❝❡ n × k ❞❡   ❣ ❡  ❡✉   ❡①♦❣ ♥❡ ✱
❝✬❡     ❞✐ ❡ ✐♥❞ ♣❡♥❞❛♥   ❞✉  ❡ ♠❡ ❞✬❡  ❡✉ ✱ ❡  u ✉♥ ✈❡❝ ❡✉  ❛❧ ❛ ♦✐ ❡ ❞♦♥  ❧❡  ❝♦♠♣♦ ❛♥ ❡ 
 ♦♥  ❧❡  ❛❧ ❛  ❞✬❡ ♣  ❛♥❝❡ ♥✉❧❧❡ ❡  ❞❡ ❝♦✈❛ ✐❛♥❝❡ ♣ ♦♣♦  ✐♦♥♥❡❧❧❡   ❧❛ ♠❛  ✐❝❡ ✐❞❡♥ ✐   I✳
✸▲❡  ♣❛ ❛♠   ❡  ✐♥❝♦♥♥✉  ❞✉ ♠♦❞ ❧❡  ♦♥  ❧❡ k✲✈❡❝ ❡✉  β ❡  ❧❡  ❝❛❧❛✐ ❡ σ2✳ ❈❡ ♠♦❞ ❧❡ ❡  
❝❛ ❛❝   ✐   ♣❛  ✉♥❡ ✐♥✜♥✐   ❞❡  ●❉✱ ❝❤❛ ✉❡  ●❉   ❛♥  ❝♦♠♣❧  ❡♠❡♥   ♣ ❝✐✜  ♣♦✉  ❞❡ 
✈❛❧❡✉   ❞❡ β ❡  σ2 ✜①   ❡  ✉♥❡ ❧♦✐ ❞❡  ❛❧ ❛  ❞ ✜♥✐❡✳  ♦✉  ✉♥  ●❉ ❞♦♥♥  µ✱ ✐❧ ❡   ♣♦  ✐❜❧❡ ❞❡
❣ ♥  ❡  ✉♥ ❡♥ ❡♠❜❧❡ ❞❡ ❞♦♥♥ ❡  y⋆ ❞❡ ❧❛ ✈❛ ✐❛❜❧❡ ❞ ♣❡♥❞❛♥ ❡ y✳ ❯♥❡   ❛ ✐  ✐ ✉❡ ❡   ✉♥❡
❢♦♥❝ ✐♦♥ ❞❡  ❞♦♥♥ ❡ ✱ ❝✬❡   ♣❛  ❝♦♥   ✉❝ ✐♦♥ ✉♥❡ ✈❛ ✐❛❜❧❡ ❛❧ ❛ ♦✐ ❡  ✉✐ ❞ ♣❡♥❞ ❞❡  ❞♦♥♥ ❡ 
y ❡   ❛ ❧♦✐ ❞ ♣❡♥❞ ❞✉  ●❉  ♦✉ ✲❥❛❝❡♥    ❝❡  ❞♦♥♥ ❡  µ✳ ❯♥❡   ❛ ✐  ✐ ✉❡ ❞❡  ❡   ❡   ✉♥
♣✐✈♦  ♣❛   ❛♣♣♦     ✉♥ ♠♦❞ ❧❡ M  ✐  ❛ ❞✐   ✐❜✉ ✐♦♥ ❞❡ ♣ ♦❜❛❜✐❧✐   ❡   ❧❛ ♠ ♠❡ ♣♦✉   ♦✉ 
 ●❉ ❞✉ ♠♦❞ ❧❡ ♣♦✉  ✉♥❡  ❛✐❧❧❡ ❞✬ ❝❤❛♥ ✐❧❧♦♥ ❞♦♥♥ ❡✱ ❛✉  ❡♠❡♥  ❞✐   ✐ ❡❧❧❡ ❡   ✐♥✈❛ ✐❛♥ ❡ ♣❛ 
 ❛♣♣♦   ❛✉① ❝❛ ❛❝   ✐  ✐ ✉❡  ✐♥❝♦♥♥✉❡  ❞✉ ♠♦❞ ❧❡ ✭❧❡  ♣❛ ❛♠   ❡  ❡  ❧❛ ❧♦✐ ❞❡  ❛❧ ❛  ❞❛♥ 
♥♦  ❡ ❡①❡♠♣❧❡✮✳ ❯♥❡   ❛ ✐  ✐ ✉❡ ❡   ✉♥ ♣✐✈♦  ❛ ②♠♣ ♦ ✐ ✉❡ ♣❛   ❛♣♣♦   ❛✉ ♠♦❞ ❧❡ M  ✐
 ❛ ❧♦✐ ❛ ②♠♣ ♦ ✐ ✉❡ ❡   ❧❛ ♠ ♠❡ ♣♦✉   ♦✉   ●❉ ❞✉ ♠♦❞ ❧❡✳
◆♦✉  ✈❡  ♦♥  ♣❛  ❧❛  ✉✐ ❡  ✉❡ ❧❛ ♥♦ ✐♦♥ ❞❡ ♣✐✈♦  ❡   ❡  ❡♥ ✐❡❧❧❡ ♣♦✉  ❝♦♠♣ ❡♥❞ ❡ ♣♦✉  ✉♦✐
❧❡ ❜♦♦    ❛♣ ❢♦♥❝ ✐♦♥♥❡ ❝♦  ❡❝ ❡♠❡♥ ✳ ▲✬✐♥      ❡    ✉✬❡♥  ❝♦♥♦♠   ✐❡✱ ❧❛ ♣❧✉♣❛   ❞❡    ❛ ✐ ✲
 ✐ ✉❡  ❞❡  ❡     ♦♥  ❞❡  ♣✐✈♦   ♦✉ ❞❡  ♣✐✈♦   ❛ ②♠♣ ♦ ✐ ✉❡ ✳ ❈♦♥ ✐❞  ♦♥  ♣❛  ❡①❡♠♣❧❡ ✉♥
♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥ ❧✐♥ ❛✐ ❡ ❛✈❡❝ ❞❡    ❣ ❡  ❡✉   ❡①♦❣ ♥❡ ✳  ♦✉  ✉♥❡ ❧♦✐ ❝♦♥♥✉❡ ❞❡  ❛❧ ❛ ✱
✉♥❡   ❛ ✐  ✐ ✉❡  ✉✐ ♥❡ ❞ ♣❡♥❞  ✉❡ ❞❡    ❣ ❡  ❡✉   ❡  ❞❡     ✐❞✉  ❡   ✉♥ ♣✐✈♦ ✳ ❊♥ ❡✛❡ ✱ ❧❡ 
   ✐❞✉   ♦♥  ✐  ✉  ❞✬✉♥❡ ♣ ♦❥❡❝ ✐♦♥ ♦  ❤♦❣♦♥❛❧❡ ❞❡  ❛❧ ❛   ✉  ❧✬❡ ♣❛❝❡ ❡♥❣❡♥❞   ♣❛  ❧❡    ✲
❣ ❡  ❡✉  ✳ ❉❛♥  ❝❡ ❝❛ ✱ ❧❛ ❧♦✐ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❡   ✉♥✐ ✉❡♠❡♥  ❢♦♥❝ ✐♦♥ ❞❡    ❣ ❡  ❡✉   ❡  ❞❡
❧❛ ❧♦✐ ❞❡  ❛❧ ❛ ✳ ❊❧❧❡ ❡   ✐♥✈❛ ✐❛♥ ❡ ♣❛   ❛♣♣♦      ♦✉  ❧❡  ❡  ❡✳  ❛  ❛✐❧❧❡✉  ✱ ❧❡    ❛ ✐  ✐ ✉❡ 
 ✉✐  ✉✐✈❡♥  ✭❛ ②♠♣ ♦ ✐ ✉❡♠❡♥ ✮ ❧❡  ❧♦✐  ❞❡ ❙ ✉❞❡♥ ✱ ❞❡ ❋✐ ❤❡ ✱ ❞✉ ❈❤✐✲❞❡✉① ♦✉ ❡♥❝♦ ❡ ❧❛ ❧♦✐
◆♦ ♠❛❧❡ ❝❡♥   ❡   ❞✉✐ ❡✱  ♦♥  ❞❡  ♣✐✈♦   ✭❛ ②♠♣ ♦ ✐ ✉❡ ✮✳
✷✳✷   ✐♥❝✐♣❡
▲❡  ❞ ✜♥✐ ✐♦♥  ♣  ❝ ❞❡♥ ❡  ♥♦✉  ♣❡ ♠❡  ❡♥  ❞❡ ❞ ✜♥✐  ❧❡ ♣ ✐♥❝✐♣❡ ❞✉ ❜♦♦    ❛♣ ❝♦♠♠❡  ✉✐ ✱
❉❛♥  ❧❡  ♠♦❞ ❧❡  ❞❡   ❣ ❡  ✐♦♥✱ ❧❡ ♣ ✐♥❝✐♣❡ ❞✉ ❜♦♦    ❛♣ ❝♦♥ ✐  ❡    ♣ ❝✐✜❡  ✉♥  ●❉✱
♥♦♠♠   ●❉ ❜♦♦    ❛♣✱ ❡♥  ❡♠♣❧❛ ❛♥  ❧❡  ♣❛ ❛♠   ❡  ❡  ❞✐   ✐❜✉ ✐♦♥  ❞❡ ♣ ♦❜❛✲
❜✐❧✐    ✐♥❝♦♥♥✉  ❞❛♥  ❧❡ ♠♦❞ ❧❡✱ ♣❛  ❞❡  ❡  ✐♠❛ ✐♦♥  ❡♠♣✐ ✐ ✉❡  ❞❡ ❝❡  ❞❡ ♥✐❡  ✳ ▲❛
❞✐   ✐❜✉ ✐♦♥ ❞❡ ♣ ♦❜❛❜✐❧✐   ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡    ♦✉  ❝❡  ●❉ ❛  ✐✜❝✐❡❧ ❡   ❛♣♣❡✲
❧ ❡ ❧♦✐ ❜♦♦    ❛♣✳ ❖♥ ❝❛❧❝✉❧❡ ✉♥  ❡   ❜♦♦    ❛♣ ♦✉ ✉♥❡ P✲✈❛❧✉❡ ❜♦♦    ❛♣ ❡♥
✉ ✐❧✐ ❛♥  ❧❛ ❧♦✐ ❜♦♦    ❛♣ ♣♦✉  ❧♦✐ ♥♦♠✐♥❛❧❡✳
▲✬✐❞ ❡ ❡    ✉❡  ✐ ❧❡  ●❉ ❜♦♦    ❛♣ ❡    ✉✣ ❛♠♠❡♥  ♣ ♦❝❤❡ ❞✉ ✈ ❛✐✱ ❧❡  ❞♦♥♥ ❡  ❣ ♥   ❡ 
♣❛  ❝❡❧✉✐✲❝✐  ❡ ♦♥   ✐♠✐❧❛✐ ❡    ❝❡❧❧❡   ✉✐ ❛✉ ❛✐❡♥      ❣ ♥   ❡  ♣❛  ❧❡ ✈ ❛✐  ●❉✳ ❯♥❡ P✲✈❛❧✉❡
♦❜ ❡♥✉❡ ❛✈❡❝ ❧❛ ❧♦✐ ❜♦♦    ❛♣ ❞❡✈ ❛✐  ❛❧♦      ❡      ♣ ♦❝❤❡ ❞❡ ❝❡❧❧❡  ✉✐ ❛✉ ❛✐      ❝❛❧❝✉❧ ❡
❛✈❡❝ ❧❛ ✈ ❛✐❡ ❧♦✐ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡✱ ❞❡  ❡❧❧❡  ♦  ❡  ✉❡ ❧✬✐♥❢  ❡♥❝❡ ❡   ✜❛❜❧❡✳
❖♥ ❛✐♠❡ ❛✐  ❝❛❧❝✉❧❡  ❧❛ ❧♦✐ ❜♦♦    ❛♣   ♣❛  ✐  ❞❡ ❞ ✈❡❧♦♣♣❡♠❡♥   ❛♥❛❧② ✐ ✉❡  ♣♦✉  ❡♥
♦❜ ❡♥✐  ✉♥❡ ❡①♣ ❡  ✐♦♥ ❡①❛❝ ❡✳ ▼❛❧❤❡✉ ❡✉ ❡♠❡♥ ✱ ❝✬❡   ❧❛ ♣❧✉♣❛   ❞✉  ❡♠♣  ✐♠♣♦  ✐❜❧❡✳ ❖♥
✹❛ ❛❧♦    ❡❝♦✉     ❞❡   ✐♠✉❧❛ ✐♦♥  ♣♦✉  ❡♥ ♦❜ ❡♥✐  ✉♥❡ ❛♣♣ ♦①✐♠❛ ✐♦♥✳  ❧❛ ♦♥ ✲♥♦✉  ❞❛♥  ❧❡
❝❛❞ ❡ ❞✬✉♥ ♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥✱ ♦  ✉♥  ●❉ ❡   ❝♦♠♣❧  ❡♠❡♥   ♣ ❝✐✜  ♣♦✉  ❞❡  ✈❛❧❡✉  
✜①❡  ❞❡  ❡  ♣❛ ❛♠   ❡  ✐♥❝♦♥♥✉  θ ❡  ♣♦✉  ✉♥❡ ❧♦✐ ❞❡ ♣ ♦❜❛❜✐❧✐   ❞❡  ❛❧ ❛  ❞♦♥♥ ❡ F✳ ❙✐ ♦♥
❝♦♥ ✐❞  ❡ ♣❛  ❡①❡♠♣❧❡ ❧❡ ♠♦❞ ❧❡ ✭✶✮✱ ♦♥ ❛✉ ❛✐  θ = (β,σ2)✳ ❙♦✐  τ ❧❛   ❛ ✐  ✐ ✉❡ ❞✬✐♥     ✱
❞♦♥  ❧❛ ❧♦✐ G ❡   ✐♥❝♦♥♥✉❡✳ ▲❛ ❧♦✐ ❜♦♦    ❛♣ G⋆ ♣❡✉     ❡ ❛♣♣ ♦①✐♠ ❡ ♣❛   ✐♠✉❧❛ ✐♦♥   
♣❛  ✐  ❞❡ ❧✬❛❧❣♦ ✐ ❤♠❡  ✉✐✈❛♥  ✿
✶✳ ❖♥ ❝❛❧❝✉❧❡ ❞❡  ❡  ✐♠❛ ❡✉   ˆ θ ❞❡  ♣❛ ❛♠   ❡  ✐♥❝♦♥♥✉  ❡  ˆ F ❞❡ ❧❛ ❧♦✐ ❞❡ ♣ ♦❜❛❜✐❧✐   ❞❡ 
❛❧ ❛  ❡  ♦♥ ❝❛❧❝✉❧❡ ✉♥❡   ❛❧✐ ❛ ✐♦♥ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡   τ✳
✷✳ ❖♥ ❝♦♥   ✉✐  ❧❡  ●❉ ❜♦♦    ❛♣ µ⋆ ❡  ♦♥ ❣ ♥  ❡ ❞❡  ❞♦♥♥ ❡  y⋆✳ ❙✉  ❧❛ ❜❛ ❡ ❞❡  ❞♦♥♥ ❡ 
 ✐♠✉❧ ❡ ✱ ❛♣♣❡❧ ❡   ❝❤❛♥ ✐❧❧♦♥ ❜♦♦    ❛♣✱ ♦♥ ❝❛❧❝✉❧❡ ✉♥❡   ❛❧✐ ❛ ✐♦♥ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡
❜♦♦    ❛♣ τ ⋆✳
✸✳ ❖♥   ♣  ❡ ❧✬  ❛♣❡ ♣  ❝ ❞❡♥ ❡ B − 1 ❢♦✐  ❛✜♥ ❞✬♦❜ ❡♥✐  B   ❛❧✐ ❛ ✐♦♥  ❞❡ ❧❛   ❛ ✐  ✐ ✉❡
❜♦♦    ❛♣ {ˆ τ ⋆
i }i=1...B✳ ▲❛ ❢♦♥❝ ✐♦♥ ❞❡ ❞✐   ✐❜✉ ✐♦♥ ❡♠♣✐ ✐ ✉❡ ❢♦ ♠ ❡ ♣❛  ❝❡  B   ❛❧✐✲
 ❛ ✐♦♥  ❡   ✉♥❡ ❛♣♣ ♦①✐♠❛ ✐♦♥ ❞❡ ❧❛ ❧♦✐ ❜♦♦    ❛♣ ✿ ˆ G⋆(x) = B−1 PB
i=1 I(ˆ τ ⋆
i ≤ x).
I(.) ❡   ❧❛ ❢♦♥❝ ✐♦♥ ✐♥❞✐❝❛  ✐❝❡  ✉✐ ♣ ❡♥❞ ❧❡  ✈❛❧❡✉   1  ✐  ♦♥ ❛ ❣✉♠❡♥  ❡   ✈ ❛✐ ❡  0 ❛✉  ❡♠❡♥ ✳
❙✉✐✈❛♥  ❧✬✐♥❢♦ ♠❛ ✐♦♥  ✉❡ ❧✬♦♥ ♣♦   ❞❡  ✉  ❧❛ ❧♦✐ ❞❡ ♣ ♦❜❛❜✐❧✐   ❞❡  ❛❧ ❛  F✱ ♦♥ ❞✐  ✐♥❣✉❡ ❞❡✉①
♠  ❤♦❞❡  ❞✐✛  ❡♥ ❡ ✱
✕ ❧❡ ❜♦♦    ❛♣ ♣❛ ❛♠   ✐ ✉❡ ✿  ✐ F ❛♣♣❛  ✐❡♥    ✉♥❡ ❢❛♠✐❧❧❡ ♣❛ ❛♠   ✐ ✉❡ ❝♦♥♥✉❡ ❡ 
❞❡ ❞✐♠❡♥ ✐♦♥ ✜♥✐ F(δ)✱ ♦♥ ✉ ✐❧✐ ❡ ˆ F = F(ˆ δ) ♦  ˆ δ ❡   ✉♥ ❡  ✐♠❛ ❡✉  ❝♦♥✈❡ ❣❡♥  ❞❡ δ✳
✕ ❧❡ ❜♦♦    ❛♣ ♥♦♥✲♣❛ ❛♠   ✐ ✉❡ ✿ ♦♥ ✉ ✐❧✐ ❡ ❧❛ ❢♦♥❝ ✐♦♥ ❞❡ ❞✐   ✐❜✉ ✐♦♥ ❡♠♣✐ ✐ ✉❡
✭❊❉❋✮ ❞❡     ✐❞✉  ❝❡♥    ✳
❚❡❧  ✉❡ ♥♦✉  ❧✬❛✈♦♥  ❞ ✜♥✐✱ ♦♥ ❞✐  ✐♥❣✉❡ ❞❛♥  ❧❡ ❜♦♦    ❛♣ ❞❡✉①  ②♣❡  ❞✬❛♣♣ ♦①✐♠❛ ✐♦♥ ✳
▲✬❛♣♣ ♦①✐♠❛ ✐♦♥  ❤ ♦ ✐ ✉❡ ✿ ❝✬❡   ❧❛ ❞✐✛  ❡♥❝❡ ❡♥  ❡ ❧❛ ❧♦✐ ❜♦♦    ❛♣ ❡  ❧❛ ✈ ❛✐❡ ❧♦✐✱ ❡❧❧❡
♣ ♦✈✐❡♥  ❞❡ ❧✬✉ ✐❧✐ ❛ ✐♦♥ ❞✬✉♥  ●❉ ❜♦♦    ❛♣  ✉✐ ❡   ❞✐✛  ❡♥  ❞✉ ✈ ❛✐  ●❉ ✐♥❝♦♥♥✉✳ ■❧ ✈❛ ❞❡
 ♦✐  ✉❡  ✐ ❧❛   ❛ ✐  ✐ ✉❡ ❞✬✐♥      ❡   ✉♥ ♣✐✈♦  ♣❛   ❛♣♣♦   ❛✉ ♠♦❞ ❧❡✱ ❧❛ ❧♦✐ ❜♦♦    ❛♣  ❡ ❛
✐❞❡♥ ✐ ✉❡   ❧❛ ✈ ❛✐❡ ❧♦✐ ❡  ❝❡  ❡ ❛♣♣ ♦①✐♠❛ ✐♦♥  ❡ ❛ ✐♥❡①✐  ❛♥ ❡✳ ▲✬❡  ❡♥ ✐❡❧ ❞❡    ❛✈❛✉①  ❤ ♦✲
 ✐ ✉❡   ✉  ❧❡ ❜♦♦    ❛♣ ♣♦  ❡  ✉  ❧❛ ❞  ❡ ♠✐♥❛ ✐♦♥ ❞❡   ❛✉① ❞❡ ❝♦♥✈❡ ❣❡♥❝❡ ❞❡ ❧❛ ❧♦✐ ❜♦♦    ❛♣
✈❡   ❧❛ ✈ ❛✐❡ ❧♦✐✱ ❧♦   ✉❡ ❧❛   ❛ ✐  ✐ ✉❡ ♥✬❡   ♣❛  ✉♥ ♣✐✈♦  ❡①❛❝ ✳ ▲✬ ❛♣♣ ♦①✐♠❛ ✐♦♥ ❡①♣  ✐✲
♠❡♥ ❛❧❡ ❛♣♣❛ ❛   ❧♦   ✉❡ ❧❛ ❧♦✐ ❜♦♦    ❛♣ ♥❡ ♣❡✉  ♣❛     ❡ ❝❛❧❝✉❧ ❡ ❛♥❛❧② ✐ ✉❡♠❡♥ ✳ ❈❡  ❡
❛♣♣ ♦①✐♠❛ ✐♦♥ ❡   ❝♦♠♣❧  ❡♠❡♥  ✐♥❞ ♣❡♥❞❛♥ ❡ ❞❡ ❧❛ ♣ ❡♠✐  ❡ ❡  ❡❧❧❡ ♣ ♦✈✐❡♥  ❞✉ ♥♦♠❜ ❡
✜♥✐ ❞❡  ✐♠✉❧❛ ✐♦♥   ✉❡ ❧✬♦♥ ❢❛✐ ✳ ❯ ✐❧✐ ❡  ✉♥ ♥♦♠❜ ❡ ✜♥✐ ❞❡  ✐♠✉❧❛ ✐♦♥  ♥✬❡   ♣❛   ❛♥  ❝♦♥  ✲
 ✉❡♥❝❡  ✿ ❍❛❧❧ ✭✶✾✽✻✮ ♠♦♥  ❡  ✉❡ ❧❡  ✐♥ ❡ ✈❛❧❧❡  ❞❡ ❝♦♥✜❛♥❝❡ ❜♦♦    ❛♣  ❡♥❞❡♥       ❡   ♦♣
❧♦♥❣  ❡  ❏ ❝❦❡❧ ✭✶✾✽✻✮ ♠♦♥  ❡  ✉✬✐❧ ② ❛ ✉♥❡ ♣❡  ❡ ❞❡ ♣✉✐  ❛♥❝❡ ❞❡   ❡   ✳  ❛  ❛✐❧❧❡✉  ✱ ❉❛✲
✈✐❞ ♦♥ ❡  ▼❛❝❑✐♥♥♦♥ ✭✷✵✵✵✮ ♠♦♥  ❡♥   ✉❡ ❧❡ ♥♦♠❜ ❡ ❞❡  ✐♠✉❧❛ ✐♦♥  ❜♦♦    ❛♣ B ❞♦✐     ❡
❝❤♦✐ ✐  ❡❧  ✉❡ α(B + 1)  ♦✐  ✉♥ ❡♥ ✐❡ ✱ ♦  α ❡   ❧❡ ♥✐✈❡❛✉ ♥♦♠✐♥❛❧✱ ♣♦✉   ✉♣♣ ✐♠❡   ♦✉ 
❜✐❛✐   ✈❡♥ ✉❡❧ ❞❡ ❧✬❡  ✐♠❛ ✐♦♥ ❜♦♦    ❛♣ ❞✬✉♥  ❡✉✐❧ ❝ ✐ ✐ ✉❡ ♦✉ ❞✬✉♥❡ P✲✈❛❧✉❡✳ ■❧  ♣   ❡♥ ❡♥ 
 ❣❛❧❡♠❡♥  ✉♥❡ ♣ ♦❝ ❞✉ ❡ ❞❡  ❡   ♣  ❧✐♠✐♥❛✐ ❡  ✉✐ ♣❡ ♠❡  ❞❡ ♠✐♥✐♠✐ ❡  ❧❛ ♣❡  ❡ ❞❡ ♣✉✐  ❛♥❝❡✳
✺❙✐ ❧❛   ❛ ✐  ✐ ✉❡ ❡   ✉♥ ♣✐✈♦  ❡①❛❝  ❡   ✉❡  ❛ ❧♦✐ ❜♦♦    ❛♣ ❡   ❛♣♣ ♦①✐♠ ❡ ♣❛  ❞❡   ✐♠✉✲
❧❛ ✐♦♥ ✱ ❧❡   ❡    ❜♦♦    ❛♣  ❡ ❝♦♥❢♦♥❞❡♥  ❛✈❡❝ ❧❡   ❡    ▼♦♥ ❡ ❈❛ ❧♦ ✿  ❡✉❧❡ ❧✬❛♣♣ ♦①✐♠❛ ✐♦♥
❡①♣  ✐♠❡♥ ❛❧❡ ❡   ♣   ❡♥ ❡✳ ❍❛❧❧ ✭✶✾✾✹✮✱ ❉✉❢♦✉  ❡  ❑✐✈✐❡  ✭✶✾✾✽✮ ♣  ❢  ❡♥  ♣❛ ❧❡  ❞❡  ❡   
▼♦♥ ❡ ❈❛ ❧♦ ❝❛  ❧❛ ❧✐    ❛ ✉ ❡  ✉  ❝❡  ✉❥❡ ✱ ❉✇❛   ✭✶✾✺✼✮✱ ❇❛ ♥❛ ❞ ✭✶✾✻✸✮ ❡  ❇✐ ♥❜❛✉♠
✭✶✾✼✹✮✱ ♣  ❝ ❞❡ ❧❛ ❣❡♠❡♥  ❝❡❧❧❡  ✉  ❧❡ ❜♦♦    ❛♣✱ ❊❢ ♦♥ ✭✶✾✼✾✮✳
✷✳✸ ❱❛❧✐❞✐  
 ♦✉   ✉❡ ❧❡ ❜♦♦    ❛♣  ♦✐  ✈❛❧✐❞❡✱ ✐❧ ❢❛✉   ✉❡ ❧❛ ❧♦✐ ❜♦♦    ❛♣ ❝♦♥✈❡ ❣❡ ❢❛✐❜❧❡♠❡♥ ✱ ❡♥
♣ ♦❜❛❜✐❧✐  ✱ ✈❡   ❧❛ ✈ ❛✐❡ ❧♦✐✳  ♦✉  ❝♦♠♣❛ ❡  ❞❡✉① ❞✐   ✐❜✉ ✐♦♥ ✱ ❧❛ ❞✐  ❛♥❝❡ ❞❡ ▼❛❧❧♦✇  ✭✶✾✼✷✮
❡   ✉♥❡ ♠   ✐ ✉❡  ✉✐ ♣❡ ♠❡  ❞❡ ♠♦♥  ❡   ✉❡ ❧❛ ❞✐  ❛♥❝❡ ❡♥  ❡ ❧❛ ❧♦✐ ❜♦♦    ❛♣ ❡  ❧❛ ✈ ❛✐❡
❧♦✐ ❝♦♥✈❡ ❣❡ ✈❡   ③  ♦ ❧♦   ✉❡ ❧❡ ♥♦♠❜ ❡ ❞✬♦❜ ❡ ✈❛ ✐♦♥   ❡♥❞ ✈❡   ❧✬✐♥✜♥✐✳ ❈❡  ❡  ❡❝❤♥✐ ✉❡
❡   ❧❛ ♣❧✉  ❝♦✉ ❛♠♠❡♥  ✉ ✐❧✐  ❡ ❞❛♥  ❧❛ ❧✐    ❛ ✉ ❡   ❛ ✐  ✐ ✉❡ ♣♦✉  ❞ ♠♦♥  ❡  ❧❛ ✈❛❧✐❞✐  
❛ ②♠♣ ♦ ✐ ✉❡ ❞✉ ❜♦♦    ❛♣✱ ✈♦✐  ♣❛ ♠✐ ❞✬❛✉  ❡  ❇✐❝❦❡❧ ❡  ❋ ❡❡❞♠❛♥ ✭✶✾✽✶✮ ❡  ❋ ❡❡❞♠❛♥
✭✶✾✽✶✮✳ ❉❛♥  ♥♦  ❡ ♦♣ ✐ ✉❡✱ ♥♦✉  ✉ ✐❧✐ ♦♥  ♣ ✐♥❝✐♣❛❧❡♠❡♥  ❧❡ ❜♦♦    ❛♣ ❞❛♥  ❧❡ ❜✉  ❞✬♦❜ ❡♥✐ 
✉♥❡ ♠❡✐❧❧❡✉ ❡ ❛♣♣ ♦①✐♠❛ ✐♦♥ ❞❡ ❧❛ ✈ ❛✐❡ ❧♦✐ ❞✬✉♥❡   ❛ ✐  ✐ ✉❡  ✉❡ ❝❡❧❧❡ ❞♦♥♥ ❡ ♣❛  ❧❛ ❧♦✐
❛ ②♠♣ ♦ ✐ ✉❡✳ ▲❛ ❝♦♥♥❛✐  ❛♥❝❡ ❞❡ ❧❛ ❧♦✐ ❛ ②♠♣ ♦ ✐ ✉❡ ♣❡ ♠❡  ❞❡ ❞ ♠♦♥  ❡  ❧❛ ✈❛❧✐❞✐   ❞✉
❜♦♦    ❛♣ ❞❡ ♠❛♥✐  ❡ ♣❧✉  ❝❧❛  ✐ ✉❡ ✿ ♣♦✉  ✉♥❡   ❛ ✐  ✐ ✉❡ ❞✬✐♥      τ ❞♦♥  ♦♥ ❝♦♥♥❛   ❧❛ ❧♦✐
❛ ②♠♣ ♦ ✐ ✉❡ Gas✱ ✐❧  ✉✣  ❞❡ ♠♦♥  ❡    ♣❛  ✐  ❞✉  ●❉ ❜♦♦    ❛♣  ✉❡ ❧❛ ❧♦✐ ❛ ②♠♣ ♦ ✐ ✉❡
❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❜♦♦    ❛♣ τ ⋆ ❡    ❣❛❧❡   Gas✳ ❖♥ ♣❡✉  ❧❡ ❢❛✐ ❡ ❡♥ ✉ ✐❧✐ ❛♥  ❧❛ ▲♦✐ ❞❡  ● ❛♥❞ 
◆♦♠❜ ❡  ✭▲●◆✮ ❡  ❧❡ ❚❤ ♦  ♠❡ ❈❡♥  ❛❧ ▲✐♠✐ ❡ ✭❚❈▲✮ ❞❡ ❧❛ ♠ ♠❡ ❢❛ ♦♥  ✉✬♦♥ ❧❡ ❢❛✐  ♣♦✉ 
❞  ❡ ♠✐♥❡  ❧❛ ❧♦✐ ❛ ②♠♣ ♦ ✐ ✉❡ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ τ✳
✷✳✹    ❝✐ ✐♦♥
❯♥❡ ❢♦✐  ❧❛ ❝♦♥✈❡ ❣❡♥❝❡   ❛❜❧✐❡✱ ✐❧  ❡  ❡    ❛✈♦✐   ✐ ❧❡ ❜♦♦    ❛♣ ❢♦♥❝ ✐♦♥♥❡ ❝♦  ❡❝ ❡♠❡♥ 
❞❛♥  ❧❛ ♣ ❛ ✐ ✉❡✳ ◆♦✉  ❛✈♦♥  ✈✉  ✉❡  ✐ ❧❛   ❛ ✐  ✐ ✉❡ ❡   ✉♥ ♣✐✈♦  ❡①❛❝ ✱ ❧❡ ❜♦♦    ❛♣ ❝♦♥❞✉✐ ❛
  ❞❡     ✉❧ ❛    ✉❛ ✐♠❡♥  ♣❛ ❢❛✐   ❝❛  ❧✬❛♣♣ ♦①✐♠❛ ✐♦♥  ❤ ♦ ✐ ✉❡ ❡   ❛❧♦   ✐♥❡①✐  ❛♥ ❡ ✭❝❢✳ ✷✳✷✮✳
❙✐ ❧❛   ❛ ✐  ✐ ✉❡ ♥✬❡   ♣❛  ✉♥ ♣✐✈♦  ❡①❛❝ ✱ ✐❧ ❢❛✉  ❞  ❡ ♠✐♥❡  ❞❛♥   ✉❡❧❧❡ ♠❡ ✉ ❡ ❧❛ ❧♦✐ ❜♦♦    ❛♣
❡   ✉♥❡ ❜♦♥♥❡ ❛♣♣ ♦①✐♠❛ ✐♦♥ ❞❡ ❧❛ ✈ ❛✐❡ ❧♦✐ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡✳  ♦✉  ❝❡❧❛ ♦♥   ✉❞✐❡ ❧❡  ✈✐ ❡  ❡ 
❞❡ ❝♦♥✈❡ ❣❡♥❝❡  ❡ ✱   ❝❡  ❡ ✜♥✱ ❧❡   ❡❝❤♥✐ ✉❡  ❞❡ ❞ ✈❡❧♦♣♣❡♠❡♥  ❞✬❊❞❣❡✇♦  ❤ ✭✶✽✾✻✱ ✶✾✵✺✮ ♦✉
❧❡  ✐♥ ❣❛❧✐    ❞❡  ②♣❡ ❇❡  ②✲❊  ❡❡♥ ✭ ✉✐  ♦♥  ❞❡  ✈❡  ✐♦♥   ♦♣❤✐  ✐ ✉ ❡  ❞❡ ❞ ✈❡❧♦♣♣❡♠❡♥  
❞❡ ❚❛②❧♦ ✮  ♦♥  ✉ ✐❧✐  ❡ ✳
▲❡  ❞ ✈❡❧♦♣♣❡♠❡♥    ❤ ♦ ✐ ✉❡  ♠♦♥  ❡♥   ✉❡  ✐ ❧❛   ❛ ✐  ✐ ✉❡ ❡   ✉♥ ♣✐✈♦  ❛ ②♠♣ ♦ ✐ ✉❡✱
❧✬❡  ❡✉  ❞❡ ❧❛ ♣ ♦❜❛❜✐❧✐   ❞❡  ❡❥❡  ❞✬✉♥  ❡   ❜♦♦    ❛♣ ✭❞✐  ♦  ✐♦♥ ❞✉ ♥✐✈❡❛✉✮ ❝♦♥✈❡ ❣❡ ♣❧✉   ❛✲
♣✐❞❡♠❡♥  ✈❡   ③  ♦  ✉❡ ❝❡❧❧❡ ❞✬✉♥  ❡   ❛ ②♠♣ ♦ ✐ ✉❡✳  ♦✉  ✉♥❡  ❛✐❧❧❡ ❞✬ ❝❤❛♥ ✐❧❧♦♥ n✱ ❧✬❡  ❡✉ 
❞❡ ❧❛ ♣ ♦❜❛❜✐❧✐   ❞❡  ❡❥❡  ❞✬✉♥  ❡   ❜❛    ✉   ❛ ❧♦✐ ❛ ②♠♣ ♦ ✐ ✉❡ ❡  ✱ ❡♥ ❣ ♥  ❛❧ ❞✬♦ ❞ ❡ n−1/2
♣♦✉  ✉♥  ❡   ✉♥✐✲❧❛   ❛❧✱ ❡  ❞✬♦ ❞ ❡ n−1 ♣♦✉  ✉♥  ❡   ❜✐✲❧❛   ❛❧✳ ❇❡ ❛♥ ✭✶✾✽✽✮ ♠♦♥  ❡  ✉❡
✻❧✬✉ ✐❧✐ ❛ ✐♦♥ ❞✉ ❜♦♦    ❛♣ ♣❡ ♠❡  ❞❡   ❞✉✐ ❡ ❝❡  ♦ ❞ ❡ ❞✬✉♥ ❢❛❝ ❡✉  n−1/2✱  ✐ ❧❛   ❛ ✐  ✐ ✉❡
❡   ✉♥ ♣✐✈♦  ❛ ②♠♣ ♦ ✐ ✉❡ ❡   ✐ ❧❡  ♣❛ ❛♠   ❡  ❡  ❞✐   ✐❜✉ ✐♦♥  ❞✉  ●❉ ❜♦♦    ❛♣  ♦♥  ❞❡ 
❡  ✐♠❛ ❡✉   ❝♦♥✈❡ ❣❡♥   ❞❡  ♣❛ ❛♠   ❡  ❡  ❞✐   ✐❜✉ ✐♦♥  ✐♥❝♦♥♥✉  ❞✉ ♠♦❞ ❧❡✳ ❉❛♥  ❝❡  ❛✐♥ 
❝❛  ♣❛  ✐❝✉❧✐❡  ✱ ❝❡  ♦ ❞ ❡ ♣❡✉     ❡   ❞✉✐  ❞✬✉♥ ❢❛❝ ❡✉  n−1 ✈♦✐  ♠ ♠❡ ♣❧✉ ❀ ♣♦✉  ✉♥❡ ❞✐ ❝✉ ✲
 ✐♦♥ ❞  ❛✐❧❧ ❡  ✉  ❧❡  ❛♠ ❧✐♦ ❛ ✐♦♥  ❛ ②♠♣ ♦ ✐ ✉❡  ❞✉ ❜♦♦    ❛♣✱ ❜❛  ❡  ✉  ❧❡  ❞ ✈❡❧♦♣♣❡♠❡♥  
❞✬❊❞❣❡✇♦  ❤✱ ✈♦✐  ❍❛❧❧ ✭✶✾✾✷✮✳
❉❛✈✐❞ ♦♥ ❡  ▼❛❝❑✐♥♥♦♥ ✭✶✾✾✾✮ ♠♦♥  ❡♥   ✉✬✉♥❡ ❛♠ ❧✐♦ ❛ ✐♦♥ ❛ ②♠♣ ♦ ✐ ✉❡  ✉♣♣❧ ♠❡♥✲
 ❛✐ ❡✱ ❡♥ ❣ ♥  ❛❧ ❞✬♦ ❞ ❡ n−1/2✱ ♣❡✉     ❡ ♦❜ ❡♥✉❡  ✐ ❧❛   ❛ ✐  ✐ ✉❡  ✉✐ ❢❛✐  ❧✬♦❜❥❡  ❞✉ ❜♦♦  ✲
  ❛♣ ❡   ❛ ②♠♣ ♦ ✐ ✉❡♠❡♥  ✐♥❞ ♣❡♥❞❛♥ ❡ ❞❡  ❝♦♠♣♦ ❛♥ ❡  ❛❧ ❛ ♦✐ ❡  ❞✉  ●❉ ❜♦♦    ❛♣✳ ■❧ 
♠♦♥  ❡♥   ✉✬✉♥❡  ❡❧❧❡ ✐♥❞ ♣❡♥❞❛♥❝❡ ❡    ❛ ✐ ❢❛✐ ❡ ❞❛♥  ❧❡ ❝❛❞ ❡ ❞✉ ❜♦♦    ❛♣ ♣❛ ❛♠   ✐ ✉❡
 ✐ ❧❡  ●❉ ❜♦♦    ❛♣ ❡   ❝♦♥   ✉✐  ❛✈❡❝ ❧❡  ♣❛ ❛♠   ❡  ❡  ✐♠    ♦✉  ❧❡ ♠♦❞ ❧❡ ❝♦♥  ❛✐♥ ✱
❝✬❡  ✲ ✲❞✐ ❡ ❧❡ ♠♦❞ ❧❡  ✉✐  ✐❡♥  ❝♦♠♣ ❡ ❞❡ ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡❀ ❡   ✉✬❡❧❧❡ ♣❡✉     ❡  ❣❛❧❡♠❡♥ 
♦❜ ❡♥✉❡ ❛  ❡③ ❢❛❝✐❧❡♠❡♥  ❞❛♥  ❧❡ ❝❛❞ ❡ ❞✉ ❜♦♦    ❛♣ ♥♦♥✲♣❛ ❛♠   ✐ ✉❡✳ ❈❡    ✉❧ ❛  ❥✉  ✐✜❡
❞❡ ♠❛♥✐  ❡  ❤ ♦ ✐ ✉❡ ❧✬✐❞ ❡ ❞❡ ♣  ❢  ❡  ❝♦♥   ✉✐ ❡ ❧❡  ●❉ ❜♦♦    ❛♣  ♦✉  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡✱
 ✉✐  ❡♠♦♥ ❡   ❇❡ ❛♥ ✭✶✾✽✻❜✮ ♦✉ ❡♥❝♦ ❡ ❇❡ ❛♥ ❡  ❙ ✐✈❛  ❛✈❛ ✭✶✾✽✺✮✳
▲❛ ♣ ✐ ❡ ❡♥ ❝♦♠♣ ❡ ❞❡ ❝❡  ❛♠ ❧✐♦ ❛ ✐♦♥   ✉❝❝❡  ✐✈❡  ✐♥❞✐ ✉❡  ✉❡ ❞❛♥  ❞❡ ♥♦♠❜ ❡✉ ❡ 
❝✐ ❝♦♥  ❛♥❝❡  ❧✬❛♠ ❧✐♦ ❛ ✐♦♥ ❛ ②♠♣ ♦ ✐ ✉❡ ❞❡   ❡    ❜♦♦    ❛♣ ♣❛   ❛♣♣♦   ❛✉①  ❡    ❛ ②♠♣✲
 ♦ ✐ ✉❡   ❡ ❛ ❞✬♦ ❞ ❡ n−1✳ ❈❡     ✉❧ ❛   ♥❡  ♦♥   ✉✬❛ ②♠♣ ♦ ✐ ✉❡✱ ❛✉  ✐ ✐❧  ♥❡ ♣❡ ♠❡  ❡♥  ♣❛ 
❞✬❛✣ ♠❡   ✉✬❡♥  ❝❤❛♥ ✐❧❧♦♥ ❞❡ ♣❡ ✐ ❡  ❛✐❧❧❡✱ ❧✬✐♥❢  ❡♥❝❡ ❜♦♦    ❛♣  ❡ ❛ ❢♦ ❝ ♠❡♥  ♣❧✉  ✜❛❜❧❡
 ✉❡ ❝❡❧❧❡ ❞❡   ❡    ❛ ②♠♣ ♦ ✐ ✉❡   ✐ ❧❛   ❛ ✐  ✐ ✉❡ ❡   ✉♥ ♣✐✈♦  ❛ ②♠♣ ♦ ✐ ✉❡✳ ◆ ❛♥♠♦✐♥ ✱  ✐
❡♥  ❝❤❛♥ ✐❧❧♦♥ ✜♥✐ ❧❡ ❝♦♠♣♦  ❡♠❡♥  ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❡   ♣ ♦❝❤❡ ❞❡ ❝❡❧✉✐ ❞✬✉♥ ♣✐✈♦  ❡①❛❝  ❡   ✐
❝❡  ❡   ❛ ✐  ✐ ✉❡ ❡    ✉❛ ✐♠❡♥  ✐♥❞ ♣❡♥❞❛♥ ❡ ❞❡  ❝♦♠♣♦ ❛♥ ❡  ❛❧ ❛ ♦✐ ❡  ❞✉  ●❉ ❜♦♦    ❛♣✱
✐❧ ♥❡ ❢❛✐  ❛✉❝✉♥ ❞♦✉ ❡  ✉❡ ❧❡   ❡    ❜♦♦    ❛♣  ❡ ♦♥  ❜❡❛✉❝♦✉♣ ♣❧✉  ✜❛❜❧❡ ✳ ❉❛♥  ❧❛ ❧✐    ❛ ✉ ❡✱
❞❡ ♥♦♠❜ ❡✉①   ❛✈❛✉①   ✉❞✐❡♥    ❧✬❛✐❞❡ ❞❡  ✐♠✉❧❛ ✐♦♥  ❧❡ ❝♦♠♣♦  ❡♠❡♥  ❡♥  ❝❤❛♥ ✐❧❧♦♥ ✜♥✐
❞❡ ❞✐✛  ❡♥ ❡    ❛ ✐  ✐ ✉❡  ✿ ❧❡     ✉❧ ❛   ❡①♣  ✐♠❡♥ ❛✉① ♠♦♥  ❡♥   ✉❡  ✐ ❧❛   ❛ ✐  ✐ ✉❡ ❡   ✉♥
♣✐✈♦  ❛ ②♠♣ ♦ ✐ ✉❡ ❧❡ ❜♦♦    ❛♣ ❝♦  ✐❣❡       ♦✉✈❡♥  ❧❛ ❞✐  ♦  ✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞❡   ❡    ❜❛   
 ✉  ❧❛ ❧♦✐ ❛ ②♠♣ ♦ ✐ ✉❡✱ ✈♦✐  ♣❛ ♠✐ ❞✬❛✉  ❡  ❍♦ ♦✇✐ ③ ✭✶✾✾✼✮✳
✸ ▼✐ ❡  ❡♥  ✉✈ ❡
▲❛ ♠✐ ❡ ❡♥  ✉✈ ❡ ❞✉ ❜♦♦    ❛♣ ❞ ♣❡♥❞ ❞✉ ❝♦♥ ❡① ❡ ❝♦♥ ✐❞   ✳ ❉❛♥  ❝❡  ❡  ❡❝ ✐♦♥✱ ♥♦✉ 
♣   ❡♥ ♦♥   ♦♥ ✐♠♣❧ ♠❡♥ ❛ ✐♦♥ ❞❛♥  ❞✐✛  ❡♥   ❝❛❞ ❡  ❞✬❛♥❛❧② ❡ ❝♦✉ ❛♠♠❡♥   ❡♥❝♦♥     ❡♥
 ❝♦♥♦♠   ✐❡ ✿ ♣♦✉  ✉♥ ♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥ ❛✈❡❝ ❞❡  ❛❧ ❛  ✐✳✐✳❞✳✱ ❤    ♦ ❝ ❞❛  ✐ ✉❡ ✱ ♥♦♥✲
✐♥❞ ♣❡♥❞❛♥   ❡  ❞❛♥  ❧❡  ♠♦❞ ❧❡   ✉ ✲✐❞❡♥ ✐✜  ✳ ▲❡ ♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥ ❧✐♥ ❛✐ ❡ ❡   ✉ ✐❧✐  
❞❛♥  ✉♥ ❜✉  ♣ ❞❛❣♦❣✐ ✉❡✳ ▲❡     ✉❧ ❛    ❡ ❣ ♥  ❛❧✐ ❡♥  ❛✉①   ❣ ❡  ✐♦♥  ♥♦♥✲❧✐♥ ❛✐ ❡ ✱  ♦❜✉  ❡ 
♦✉ ♥♦♥✲♣❛ ❛♠   ✐ ✉❡ ✱ ✈♦✐  ♣❛  ❡①❡♠♣❧❡ ❍✉❡  ❡  ❏♦❧✐✈❡  ✭✶✾✽✾✮ ❡  ❍✉❡ ✱ ❏♦❧✐✈❡ ✱ ❡  ▼❡   ❛♥
✭✶✾✾✵✮✳
✼✸✳✶ ❆❧ ❛  ✐✳✐✳❞✳
❈♦♥ ✐❞  ♦♥  ❧❡ ♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥ ❧✐♥ ❛✐ ❡  ✉✐✈❛♥ ✱
yt = Xtβ + Ztγ + ut ut ∼ F(0,σ
2) ✭✷✮
♦  yt ❡   ❧✬♦❜ ❡ ✈❛ ✐♦♥ t ❞❡ ❧❛ ✈❛ ✐❛❜❧❡ ❞ ♣❡♥❞❛♥ ❡✱ Xt ❡   ❧❛ t ♠❡ ❧✐❣♥❡ ❞✬✉♥❡ ♠❛  ✐❝❡ n×k
❞❡ ✈❛ ✐❛❜❧❡  ✐♥❞ ♣❡♥❞❛♥ ❡ ✱ ❡  Zt ❡   ❧✬♦❜ ❡ ✈❛ ✐♦♥ t ❞✬✉♥ ✈❡❝ ❡✉  ❞❡ ❞♦♥♥ ❡  ✐♥❞ ♣❡♥❞❛♥ ❡ ✳
▲❡  ♣❛ ❛♠   ❡  ✐♥❝♦♥♥✉❡   ♦♥  ❧❡ k✲✈❡❝ ❡✉  β ❡  ❧❡  ❝❛❧❛✐ ❡ γ ❀ ut  ❡♣   ❡♥ ❡ ❧❡  ❛❧ ❛   ✉♣♣♦   
✐♥❞ ♣❡♥❞❛♥   ❞✉ ♠♦❞ ❧❡✱ ❞♦♥  ❧❛ ❞✐   ✐❜✉ ✐♦♥ ❞❡ ♣ ♦❜❛❜✐❧✐   F ❡   ❞✬❡ ♣  ❛♥❝❡ ♥✉❧❧❡ ❡  ❞❡
✈❛ ✐❛♥❝❡ σ2✳ ❈♦♥ ✐❞  ♦♥  ♣❛  ❡①❡♠♣❧❡ ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡ H0 : γ = γ0 ❡  ❧❛   ❛ ✐  ✐ ✉❡ ❞❡
  ✉❞❡♥ 
τ = (ˆ γ − γ0)/ˆ S(ˆ γ) ✭✸✮
♦  ˆ γ ❡   ❧✬❡  ✐♠❛ ❡✉  ❞❡  ♠♦✐♥❞ ❡  ❝❛     ♦ ❞✐♥❛✐ ❡  ✭❖▲❙✮ ❞✉ ♣❛ ❛♠   ❡ γ ❡  ˆ S(ˆ γ)  ♦♥  ❝❛  ✲
 ②♣❡ ❡  ✐♠ ✳ ❈❡  ❡   ❛ ✐  ✐ ✉❡  ✉✐  ❛ ②♠♣ ♦ ✐ ✉❡♠❡♥  ❧❛ ❧♦✐ ◆♦ ♠❛❧❡ ❝❡♥   ❡   ❞✉✐ ❡ ✿ ❡❧❧❡ ❡  
❞♦♥❝ ✉♥ ♣✐✈♦  ❛ ②♠♣ ♦ ✐ ✉❡✳ ❙✐ ❧❡ ♥♦♠❜ ❡ ❞❡ ❞♦♥♥ ❡  ♥✬❡   ♣❛   ✉✣ ❛♠♠❡♥  ✐♠♣♦  ❛♥  ❡   ✐
❧❛ ❧♦✐ F ❡   ✐♥❝♦♥♥✉❡ ♦✉  ✐ ❧❡    ❣ ❡  ❡✉   ❝♦♥ ✐❡♥♥❡♥  ✉♥  ❡ ❛ ❞ ❞❡ ❧❛ ✈❛ ✐❛❜❧❡ ❞ ♣❡♥❞❛♥ ❡✱ ♦♥
♣❡✉  ❥✉  ✐✜❡  ❧✬✉ ✐❧✐ ❛ ✐♦♥ ❞✉ ❜♦♦    ❛♣ ♣♦✉  ❛♠ ❧✐♦ ❡  ❧❛ ✜❛❜✐❧✐   ❞❡ ❧✬✐♥❢  ❡♥❝❡   ❛ ✐  ✐ ✉❡ ✿
❧❛ ❧♦✐ ❜♦♦    ❛♣ ❞❡✈ ❛✐     ❡ ✉♥❡ ♠❡✐❧❧❡✉ ❡ ❛♣♣ ♦①✐♠❛ ✐♦♥ ❞❡ ❧❛ ✈ ❛✐❡ ❧♦✐ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡  ✉❡
❧❛ ❧♦✐ ❛ ②♠♣ ♦ ✐ ✉❡ N(0,1) ♦✉ ❧❛ ❧♦✐ ❞❡ ❙ ✉❞❡♥ ✳
▲❛ ♠✐ ❡ ❡♥  ✉✈ ❡ ❞✉ ❜♦♦    ❛♣ ❝♦♥ ✐  ❡   ❝♦♥   ✉✐ ❡ ✉♥  ●❉ ❜♦♦    ❛♣✱  ✉✐ ❣ ♥  ❡ ❞❡ 
❞♦♥♥ ❡   ✉✐  ❡  ❡♠❜❧❡♥  ❧❡ ♣❧✉  ♣♦  ✐❜❧❡ ❛✉① ❞♦♥♥ ❡    ❡❧❧❡ ✳  ♦✉   ♣ ❝✐✜❡  ❧❡  ●❉ ❜♦♦    ❛♣✱
✐❧ ❢❛✉    ♦✉✈❡  ❞❡  ❡  ✐♠❛ ✐♦♥  ❝♦♥✈❡ ❣❡♥ ❡  ❞❡  ♣❛ ❛♠   ❡  ✐♥❝♦♥♥✉  ❞✉ ♠♦❞ ❧❡ ❡ ✱ ❞❛♥  ❧❡
❝♦♥ ❡① ❡ ❞✉ ❜♦♦    ❛♣ ♥♦♥✲♣❛ ❛♠   ✐ ✉❡✱ ✉♥❡ ❡  ✐♠❛ ✐♦♥ ❝♦♥✈❡ ❣❡♥ ❡ ❞❡ ❧❛ ❧♦✐ ❞❡  ❛❧ ❛ ✳
− ▲❡  ♣❛ ❛♠   ❡  ❞✉ ♠♦❞ ❧❡ ✿ ♦♥ ♣♦✉  ❛✐  ✉ ✐❧✐ ❡  ♥✬✐♠♣♦  ❡  ✉❡❧ ❡  ✐♠❛ ❡✉  ❝♦♥✈❡ ❣❡♥ 
❞❡  ♣❛ ❛♠   ❡ ✳ ❚♦✉ ❡❢♦✐ ✱ ♣♦✉  ❜ ♥ ✜❝✐❡  ❞❡ ❧✬❛♠ ❧✐♦ ❛ ✐♦♥ ❛ ②♠♣ ♦ ✐ ✉❡ ❞❡ ❉❛✈✐❞ ♦♥ ❡ 
▼❛❝❑✐♥♥♦♥ ✭✶✾✾✾✮✱ ✐❧ ❢❛✉   ✉❡ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡    ♦✐  ❛ ②♠♣ ♦ ✐ ✉❡♠❡♥  ✐♥❞ ♣❡♥❞❛♥ ❡ ❞✉
♣ ♦❝❡  ✉  ❣ ♥  ❛ ❡✉  ❞❡ ❞♦♥♥ ❡  ❜♦♦    ❛♣ ✭❝❢✳ ✷✳✹✮✳ ❈❡  ❡ ❤②♣♦ ❤  ❡ ❡    ❡ ♣❡❝  ❡  ✐ ❧❡  ●❉
❜♦♦    ❛♣ ❡   ❝♦♥   ✉✐  ❛✈❡❝ ❧❡  ❡  ✐♠❛ ❡✉   ❞❡  ♣❛ ❛♠   ❡  ❞✉ ♠♦❞ ❧❡  ✉✐  ❡ ♣❡❝ ❡ ❧✬❤②♣♦✲
 ❤  ❡ ♥✉❧❧❡✱ ❛♣♣❡❧  ♠♦❞ ❧❡ ❝♦♥  ❛✐♥ ✳ ❈❡❧❛  ❡ ❥✉  ✐✜❡ ♣❛  ❧❡ ❢❛✐   ✉❡ ❞❛♥  ❞❡      ♥♦♠❜ ❡✉①
❝❛ ✱ ❧❡  ♣❛ ❛♠   ❡  ❡  ✐♠    ♦✉  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡ H0  ♦♥  ❛ ②♠♣ ♦ ✐ ✉❡♠❡♥  ✐♥❞ ♣❡♥❞❛♥  
❞❡    ❛ ✐  ✐ ✉❡   ✉✐  ❡  ❡♥  H0✳ ❉❛♥  ❧❡ ❝❛❞ ❡ ❞❡   ❡    ❝❧❛  ✐ ✉❡  ❜❛     ✉  ✉♥❡ ❡  ✐♠❛ ✐♦♥
♣❛  ♠❛①✐♠✉♠ ❞❡ ✈ ❛✐ ❡♠❜❧❛♥❝❡✱ ❉❛✈✐❞ ♦♥ ❡  ▼❛❝❑✐♥♥♦♥ ✭✶✾✽✼✮ ❡♥ ❢♦♥  ✉♥❡ ❞ ♠♦♥   ❛ ✐♦♥
❞  ❛✐❧❧ ❡✱  ✉✐ ♣❡✉     ❡   ❡♥❞✉❡ ❛✉① ❡  ✐♠❛ ✐♦♥  ❞❡  ②♣❡ ◆▲❙✱ ●▼▼ ❡  ❛✉  ❡ ✳
− ▲❛ ❧♦✐ ❞❡  ❛❧ ❛  ✿  ✐ ❧❛ ❧♦✐ F ❡   ❝♦♥♥✉❡   ✉♥ ❡♥ ❡♠❜❧❡ ❞❡ ♣❛ ❛♠   ❡  ♣   ✱ ✐❧  ✉✣ 
❞✬♦❜ ❡♥✐  ❞❡  ❡  ✐♠❛ ❡✉   ❝♦♥✈❡ ❣❡♥   ❞❡ ❝❡  ♣❛ ❛♠   ❡ ✱ ♦♥ ✉ ✐❧✐ ❡ ❛❧♦   ❧❡ ❜♦♦    ❛♣ ♣❛ ❛✲
✽♠   ✐ ✉❡✳ ❙✐ ❧❛ ❧♦✐ F ❡   ✐♥❝♦♥♥✉❡✱ ♦♥ ✉ ✐❧✐ ❡ ❧❛ ❢♦♥❝ ✐♦♥ ❞❡ ❞✐   ✐❜✉ ✐♦♥ ❡♠♣✐ ✐ ✉❡ ✭❊❉❋✮
❞❡     ✐❞✉  ❝❡♥    ✱  ✉✐ ❡   ✉♥❡ ❡  ✐♠❛ ✐♦♥ ❝♦♥✈❡ ❣❡♥ ❡ ❞❡ ❧❛ ❧♦✐ ❞❡  ❛❧ ❛ ✱ ❝✬❡   ❧❡ ❜♦♦    ❛♣
♥♦♥✲♣❛ ❛♠   ✐ ✉❡✳ ❈❡  ❡ ❧♦✐ ˆ F ❡   ❛♣♣❡❧ ❡ ❧♦✐ ❞❡    ❝❤❛♥ ✐❧❧♦♥♥❛❣❡ ❝❛ ✱ ♣♦✉  ❣ ♥  ❡  ❧❡  ❞♦♥✲
♥ ❡  ❜♦♦    ❛♣✱ ♦♥ ❡✛❡❝ ✉❡ ❞❡   ✐ ❛❣❡  ❛❧ ❛ ♦✐ ❡  ❞❛♥  ❝❡  ❡ ❢♦♥❝ ✐♦♥✳ ❊♥ ❣ ♥  ❛❧✱ ♦♥ ♥❡ ♣❡✉ 
♣❛  ✉ ✐❧✐ ❡  ❧✬❊❉❋ ❞❡     ✐❞✉  ♥♦♥✲❝❡♥     ✿ ♣♦✉   ✉❡ ❧❡ ❜♦♦    ❛♣  ♦✐  ✈❛❧✐❞❡ ✐❧  ❞♦✐✈❡♥     ❡
❝❡♥    ✱ ❞❡  ♦  ❡  ✉❡ ❧❛ ❧♦✐ ❞❡    ❝❤❛♥ ✐❧❧♦♥♥❛❣❡  ♦✐  ❞✬❡ ♣  ❛♥❝❡ ♥✉❧❧❡✳ ❙✐ ❝❡ ♥✬❡   ♣❛  ❧❡ ❝❛ ✱
❧❛ ❧♦✐ ❜♦♦    ❛♣  ❡♥❞ ✈❡   ✉♥❡ ❧♦✐ ❞♦♥  ❧❡ ♣ ❡♠✐❡  ♠♦♠❡♥  ♥✬❡   ♣❛  ❧❡ ♠ ♠❡  ✉❡ ❝❡❧✉✐ ❞❡
❧❛ ❧♦✐ ❛ ②♠♣ ♦ ✐ ✉❡ ✿ ❧❛ ❞✐  ❛♥❝❡ ❡♥  ❡ ❧❛ ❧♦✐ ❜♦♦    ❛♣ ❡  ❧❛ ✈ ❛✐❡ ❧♦✐ ♥❡ ❝♦♥✈❡ ❣❡ ♣❛  ✈❡  
③  ♦ ✭❝❢✳ ✷✳✸✮✳ ◆♦ ♦♥   ✉❡ ♣♦✉  ✉♥ ♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥ ❧✐♥ ❛✐ ❡ ❡  ✐♠  ♣❛  ♠♦✐♥❞ ❡  ❝❛    
♦ ❞✐♥❛✐ ❡  ❛✈❡❝ ❧❛ ❝♦♥  ❛♥ ❡ ♣ ✐  ❝♦♠♠❡   ❣ ❡  ❡✉ ✱ ❧❡     ✐❞✉   ♦♥  ♣❛  ❝♦♥   ✉❝ ✐♦♥ ❝❡♥    
❡  ❝❡  ❡   ❛♥ ❢♦ ♠❛ ✐♦♥ ♥✬❡   ♣❛  ♥ ❝❡  ❛✐ ❡✳ ❉✬❛✉  ❡ ♣❛  ✱ ✉♥❡ ❛♠ ❧✐♦ ❛ ✐♦♥ ♠❛ ❣✐♥❛❧❡✱ ♣♦ ✲
 ❛♥   ✉  ❧❡  ❡❝♦♥❞ ♠♦♠❡♥  ❞❡ ❧❛ ❧♦✐ ❞❡    ❝❤❛♥ ✐❧❧♦♥♥❛❣❡ ♣❡✉     ❡ ♦❜ ❡♥✉❡✳ ❊❧❧❡ ❝♦♥ ✐  ❡  
 ❡  ❛♥❞❛ ❞✐ ❡  ❧❡     ✐❞✉ ✱ ❞❡  ❡❧❧❡  ♦  ❡  ✉❡ ❧❛ ✈❛ ✐❛♥❝❡ ❞❡ ❧❛ ❢♦♥❝ ✐♦♥ ❞❡    ❝❤❛♥ ✐❧❧♦♥♥❛❣❡
 ♦✐   ✐ ♣♦  ✐❜❧❡ ✉♥ ❡  ✐♠❛ ❡✉   ❛♥  ❜✐❛✐  ❞❡ ❧❛ ✈❛ ✐❛♥❝❡ ❞❡  ❛❧ ❛  ❞✉ ♠♦❞ ❧❡✳ ❖♥  ❛✐   ✉❡
♣♦✉  ✉♥ ♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥ ❧✐♥ ❛✐ ❡ ❛✈❡❝ ❞❡  ❛❧ ❛  ✐✳✐✳❞✳✱ ❧❛ ✈❛ ✐❛♥❝❡ ❞❡     ✐❞✉   ❡♥❞    ♦✉ 
❡  ✐♠❡  ❧❛ ✈❛ ✐❛♥❝❡ ❞❡  ❛❧ ❛  ✿ E(ˆ u⊤ˆ u) = σ2(n−k)✱ ♦  k ❡   ❧❡ ♥♦♠❜ ❡ ❞❡   ❣ ❡  ❡✉  ✳ ❖♥
♣❡✉  ❝♦  ✐❣❡  ❝❡ ❜✐❛✐  ❡♥ ♠✉❧ ✐♣❧✐❛♥  ❧❡     ✐❞✉  ❝❡♥     ♣❛  ❧❛  ❛❝✐♥❡ ❝❛   ❡ ❞❡ n/(n − k)✱
♦♥ ♦❜ ✐❡♥  ❧❡     ✐❞✉   ❡  ❛♥❞❛ ❞✐    ˆ u
(1)
t ✳ ❯♥❡ ❛✉  ❡  ♦❧✉ ✐♦♥ ❝♦♥ ✐  ❡   ✉ ✐❧✐ ❡  ❧❡ ❢❛✐   ✉❡
E(ˆ u2
t) = σ2(1 − ht)✱ ❛✈❡❝ ht = Vt(V ⊤V )−1V ⊤
t ❡  V = [X,Z]✳ ❖♥ ✉ ✐❧✐ ❡ ❛❧♦   ❧❡ 











(1 − hs)1/2 ✭✹✮
❖♥ ❞✐✈✐ ❡ ˆ ut ♣❛  ✉♥ ❢❛❝ ❡✉  ♣ ♦♣♦  ✐♦♥♥❡❧   ❧❛  ❛❝✐♥❡ ❞❡  ❛ ✈❛ ✐❛♥❝❡✳ ▲❡     ✐❞✉  ˆ ut ♥✬♦♥ 
♣❛  ❧❛ ♠ ♠❡ ✈❛ ✐❛♥❝❡✱ ✐❧ ② ❛ ✉♥❡ ❤    ♦ ❝ ❞❛  ✐❝✐   ❛  ✐✜❝✐❡❧❧❡✳ ▲❡     ✐❞✉   ❡  ❛♥❞❛ ❞✐    ♦♥ 
 ♦✉  ❧❛ ♠ ♠❡ ✈❛ ✐❛♥❝❡✱ ❡   ♦♥   ❡❝❡♥    ✳  ♦✉  ❝♦♥ ❡ ✈❡  ❧❡ ❣❛✐♥ ❞❡ ♣  ❝✐ ✐♦♥ ❞❡ ❉❛✈✐❞ ♦♥
❡  ▼❛❝❑✐♥♥♦♥ ✭✶✾✾✾✮ ❞❛♥  ❧❡ ❝❛❞ ❡ ❞✉ ❜♦♦    ❛♣ ♥♦♥✲♣❛ ❛♠   ✐ ✉❡✱ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡  
❞♦✐     ❡ ♥♦♥  ❡✉❧❡♠❡♥  ❛ ②♠♣ ♦ ✐ ✉❡♠❡♥  ✐♥❞ ♣❡♥❞❛♥ ❡ ❞❡  ♣❛ ❛♠   ❡  ❞✉ ♠♦❞ ❧❡✱ ♠❛✐ 
 ❣❛❧❡♠❡♥  ❞❡ ❧❛ ❢♦♥❝ ✐♦♥ ❞❡   ❡❝❤❛♥ ✐❧❧♦♥♥❛❣❡ ˆ F✳ ▲❡  ❛✉ ❡✉   ♠♦♥  ❡♥   ✉❡  ✐ ♦♥ ✉ ✐❧✐ ❡
❧❛ ❢♦♥❝ ✐♦♥ ❞❡ ❞✐   ✐❜✉ ✐♦♥ ❡♠♣✐ ✐ ✉❡ ˆ F ❞❡     ✐❞✉ ✱ ❞✉ ♠♦❞ ❧❡ ❝♦♥  ❛✐♥  ♦✉ ♥♦♥✲❝♦♥  ❛✐♥ ✱
♦♥ ✈  ✐✜❡ ❝❡  ❡ ♣ ♦♣ ✐   ✳ ❙❡✉❧❡  ❞❡  ❡①♣  ✐❡♥❝❡  ▼♦♥ ❡✲❈❛ ❧♦ ♠♦♥  ❡♥   ✉❡ ❧✬✉ ✐❧✐ ❛ ✐♦♥
❞❡     ✐❞✉  ❞✉ ♠♦❞ ❧❡ ❝♦♥  ❛✐♥  ♣❧✉     ✉❡ ❝❡✉① ❞✉ ♠♦❞ ❧❡ ♥♦♥✲❝♦♥  ❛✐♥ ✱ ❛♣♣♦  ❡ ✉♥ ❣❛✐♥
❞❡ ♣  ❝✐ ✐♦♥       ❡♥ ✐❜❧❡✱ ✈♦✐  ✈❛♥ ●✐❡  ❜❡ ❣❡♥ ❡  ❑✐✈✐❡  ✭✶✾✾✹✮✱ ▲✐ ❡  ▼❛❞❞❛❧❛ ✭✶✾✾✸✮ ❡ 
◆❛♥❦❡ ✈✐  ❡  ❙❛✈✐♥ ✭✶✾✾✹✮✳
▲❡ ❜♦♦    ❛♣ ❝❧❛  ✐ ✉❡✱ ♦✉ ♥❛ ❢✱ ♥♦♥✲♣❛ ❛♠   ✐ ✉❡  ❡ ❜❛ ❡ ❞♦♥❝  ✉  ❧❡ ♣ ♦❝❡  ✉  ❣ ✲
✾♥  ❛ ❡✉  ❞❡ ❞♦♥♥ ❡  ❜♦♦    ❛♣ ✿
y
⋆




t ∼ EDF(˜ u
(i)
t ) ✭✺✮
♦  ˜ β ❡   ❧✬❡  ✐♠❛ ❡✉  ❞❡  ♣❛ ❛♠   ❡  ❞✉ ♠♦❞ ❧❡ ❝♦♥  ❛✐♥  ❡  u⋆
t ✉♥  ✐ ❛❣❡ ✐♥❞ ♣❡♥❞❛♥  ❛✈❡❝
 ❡♠✐ ❡ ❞❛♥  ❧❡     ✐❞✉  ❞✉ ♠♦❞ ❧❡ ❝♦♥  ❛✐♥   ❡  ❛♥❞❛ ❞✐    ❡  ❝❡♥     ˜ u
(i)
t ✱ ♦  i = 1,2✳ ▲❛
❧♦✐ ❜♦♦    ❛♣ ❡   ❧❛ ❧♦✐ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡  ✱
τ
⋆ = (ˆ γ
⋆ − γ0)/ˆ S(ˆ γ
⋆) ✭✻✮
♦  ˆ γ⋆ ❡   ❧✬❡  ✐♠❛ ❡✉  ❖▲❙ ❞❡ γ0 ❡  ˆ S(ˆ γ⋆) ❧✬❡  ✐♠❛ ❡✉  ❞❡  ♦♥  ❝❛  ✲ ②♣❡✳ ❖♥ ♣❡✉  ♦❜ ❡♥✐ 
♣❛   ✐♠✉❧❛ ✐♦♥✱   ❧✬❛✐❞❡ ❞❡ ❧✬❛❧❣♦ ✐ ❤♠❡ ❞❡ ❧❛  ❡❝ ✐♦♥ ✭✷✳✷✮✱ ✉♥❡ ❛♣♣ ♦①✐♠❛ ✐♦♥ ❞❡ ❧❛ ❧♦✐
❜♦♦    ❛♣✳  ❧✉  ❧♦✐♥✱ ❞❛♥  ❧❛  ❡❝ ✐♦♥ ✭✺✮✱ ♥♦✉  ✈❡  ♦♥  ✉♥❡ ❞❡ ❝ ✐♣ ✐♦♥ ❞  ❛✐❧❧ ❡ ❞❡ ❝❡  ❡ ♠✐ ❡
❡♥ ♦❡✉✈ ❡ ❞❛♥  ❧❡ ❝❛❞ ❡ ❞✬✉♥❡ ❛♣♣❧✐❝❛ ✐♦♥✳
✸✳✷ ❆❧ ❛  ❤    ♦ ❝ ❞❛  ✐ ✉❡ 
❙✐ ❧❡  ❛❧ ❛  ❞✉ ♠♦❞ ❧❡  ♦♥  ❤    ♦ ❝ ❞❛  ✐ ✉❡  ❡   ✉✬♦♥ ♥❡ ♣❡✉  ♣❛  ♦❜ ❡♥✐  ❞❡  ❡  ✐♠❛ ✐♦♥ 
❝♦♥✈❡ ❣❡♥ ❡  ❞❡  ✈❛ ✐❛♥❝❡  ❞❡  ❛❧ ❛ ✱ ❧❛ ♠  ❤♦❞❡ ❞✉ ❜♦♦    ❛♣ ❝❧❛  ✐ ✉❡ ♥✬❡   ♣❧✉  ✈❛❧❛❜❧❡✳ ▲❛
❢♦ ♠❡ ❞❡ ❧✬❤    ♦ ❝ ❞❛  ✐❝✐   ♣♦✉✈❛♥     ❡ ❢♦♥❝ ✐♦♥ ❞❡    ❣ ❡  ❡✉  ✱ ♦♥ ♥❡ ♣❡✉  ♣❛   ❡ ✐ ❡  ❧❡ 
   ✐❞✉  ✐♥❞ ♣❡♥❞❛♠♠❡♥  ❞❡    ❣ ❡  ❡✉  ✳ ■❧ ❡①✐  ❡ ❞❡✉① ♠  ❤♦❞❡  ❞✐✛  ❡♥ ❡  ♣♦✉  ❝♦♥ ♦✉ ♥❡ 
❝❡  ❡ ❞✐✣❝✉❧  ✳
▲❡ ❜♦♦    ❛♣ ♣❛  ♣❛✐ ❡  ♣ ♦♣♦   ♣❛  ❋ ❡❡❞♠❛♥ ✭✶✾✽✶✮ ❝♦♥ ✐  ❡   ❣ ♥  ❡  ✉♥  ❝❤❛♥✲
 ✐❧❧♦♥ ❜♦♦    ❛♣ ❡♥  ❡ ✐ ❛♥  ❞❡ ❢❛ ♦♥ ✐♥❞ ♣❡♥❞❛♥ ❡ ❡  ❛✈❡❝  ❡♠✐ ❡ ❞✐ ❡❝ ❡♠❡♥  ❞❛♥  ❧❡ ❝♦✉♣❧❡
  ❣ ❡  ❛♥❞❡✴  ❣ ❡  ❡✉  ✱ ♣❧✉     ✉✬  ♣❛  ✐  ❞❡     ✐❞✉ ✳ ▲❡ ♣ ✐♥❝✐♣❛❧ ✐♥❝♦♥✈ ♥✐❡♥  ❞❡ ❝❡  ❡
♠  ❤♦❞❡ ❡    ✉✬❡❧❧❡ ♥✬❡   ♣❛  ✈❛❧✐❞❡  ✐ ❧❡    ❣ ❡  ❡✉   ❝♦♥ ✐❡♥♥❡♥  ❞❡   ❡ ❛ ❞  ❞❡ ❧❛ ✈❛ ✐❛❜❧❡
❞ ♣❡♥❞❛♥ ❡✱ ❝✬❡     ❞✐ ❡ ♣♦✉  ❧❛ ♣❧✉♣❛   ❞❡  ♠♦❞ ❧❡  ❞②♥❛♠✐ ✉❡ ✳  ❛  ❛✐❧❧❡✉  ✱ ❧❛ ❝♦♥❞✐ ✐♦♥
❞✬✐♥❞ ♣❡♥❞❛♥❝❡ ❞❡    ❣ ❡  ❡✉   ❡  ❞❡  ❛❧ ❛  ❞❛♥  ❧✬ ❝❤❛♥ ✐❧❧♦♥ ❜♦♦    ❛♣ ♥✬❡   ♣❧✉   ❡ ♣❡❝  ❡
♣✉✐  ✉❡ ❧❡    ❣ ❡  ❡✉    ♦♥   ✐    ❡♥ ♠ ♠❡  ❡♠♣   ✉❡ ❧❛ ✈❛ ✐❛❜❧❡ ❞ ♣❡♥❞❛♥ ❡✱ ❧❡  ♣❡ ❢♦ ♠❛♥❝❡ 
♥✉♠  ✐ ✉❡   ♦♥  ❛✛❡❝  ❡ ✱ ✈♦✐  ❍♦ ♦✇✐ ③ ✭✶✾✾✼✮✳ ❋❧❛❝❤❛✐ ❡ ✭✶✾✾✾✮ ♣ ♦♣♦ ❡ ✉♥❡ ♥♦✉✈❡❧❧❡ ✐♠✲
♣❧ ♠❡♥ ❛ ✐♦♥ ❞✉ ❜♦♦    ❛♣ ♣❛  ♣❛✐ ❡  ❛✈❡❝ ❞❡ ♠❡✐❧❧❡✉ ❡  ♣ ♦♣ ✐     ♥✉♠  ✐ ✉❡ ✳ ❚♦✉ ❡❢♦✐ ✱
❧❡ ♣ ♦❜❧ ♠❡ ❞❡ ❧❛ ♣❡  ❡ ❞✬✐♥❞ ♣❡♥❞❛♥❝❡ ❞❡    ❣ ❡  ❡✉   ❡  ❞❡  ❛❧ ❛   ❡  ❡ ♣   ❡♥ ✳
▲❡ ✇✐❧❞ ❜♦♦    ❛♣ ❛     ✐♥  ♦❞✉✐  ♣❛  ❧✬❛  ✐❝❧❡ ❞❡ ❲✉ ✭✶✾✽✻✮  ✉✐ ❡   ❞✐ ❝✉   ❡♥  ❡
❛✉  ❡  ♣❛  ❇❡ ❛♥ ✭✶✾✽✻❛✮✳  ❛   ❛♣♣♦   ❛✉ ❜♦♦    ❛♣ ♣❛  ♣❛✐ ❡ ✱ ❝❡  ❡ ♠  ❤♦❞❡ ❛ ❧✬❛✈❛♥ ❛❣❡
❞✬   ❡ ✈❛❧✐❞❡ ♣♦✉  ❧❡  ♠♦❞ ❧❡  ❞②♥❛♠✐ ✉❡  ❡  ❞❡ ❝♦♥ ❡ ✈❡  ❧✬❤②♣♦ ❤  ❡ ❞✬✐♥❞ ♣❡♥❞❛♥❝❡ ❞❡ 
  ❣ ❡  ❡✉   ❡  ❞❡  ❛❧ ❛  ❞❛♥  ❧✬ ❝❤❛♥ ✐❧❧♦♥ ❜♦♦    ❛♣✳ ❙✐ ♦♥ ❝♦♥ ✐❞  ❡  ♦✉❥♦✉   ❧❡ ♠♦❞ ❧❡ ✭✷✮
✶✵♠❛✐  ❛✈❡❝ ❞❡  ❛❧ ❛  ❤    ♦ ❝ ❞❛  ✐ ✉❡  ✿ E(u2
t|Xt,Zt) = σ2
t✱ ❧❡  ●❉ ✇✐❧❞ ❜♦♦    ❛♣ ❡  
y
⋆






t ∼ ˆ F(0,1) ✭✼✮
♦  ˜ β ❡   ❧✬❡  ✐♠❛ ❡✉  ❞❡  ♣❛ ❛♠   ❡  ❞✉ ♠♦❞ ❧❡ ❝♦♥  ❛✐♥  ❡  ˜ u
(2)
t ❧❡     ✐❞✉  ❞✉ ♠♦❞ ❧❡
❝♦♥  ❛✐♥   ❡  ❛♥❞❛ ❞✐    ❡  ❝❡♥    ✱ ❞ ❝ ✐   ❡♥ ✭✹✮✳  ♦✉   ✉❡ ❧❡ ❜♦♦    ❛♣  ♦✐  ✈❛❧✐❞❡✱ ✐❧ ❢❛✉ 
 ✉❡ ❧❡    ❝❤❛♥ ✐❧❧♦♥♥❛❣❡ ❞❡ ε⋆
t  ✬❡✛❡❝ ✉❡   ♣❛  ✐  ❞✬✉♥❡ ❢♦♥❝ ✐♦♥ ❞❡ ❞✐   ✐❜✉ ✐♦♥  ✉❡❧❝♦♥ ✉❡ ˆ F
❞✬❡ ♣  ❛♥❝❡ ♥✉❧❧❡ ❡  ❞❡ ✈❛ ✐❛♥❝❡ ❧✬✉♥✐  ✳ ▲❛ ❧♦✐ ◆♦ ♠❛❧❡ ❝❡♥   ❡   ❞✉✐ ❡ ❡   ❞♦♥❝ ❛♣♣ ♦♣ ✐ ❡✳
▼❛✐   ✐ ♦♥ ✐♠♣♦ ❡  ❣❛❧❡♠❡♥  ❛✉   ♦✐ ✐ ♠❡ ♠♦♠❡♥  ❞❡ ❧❛ ❧♦✐ ˆ F ❞✬   ❡  ❣❛❧   1✱ ▲✐✉ ✭✶✾✽✽✮
♠♦♥  ❡  ✉✬✉♥ ❣❛✐♥ ❞❡ ♣  ❝✐ ✐♦♥ ❡   ♦❜ ❡♥✉ ❞❛♥  ❧❛ ❝❛  ♦  ❧❛ ❧♦✐ ❞❡  ❛❧ ❛  ❞✉ ♠♦❞ ❧❡ ❡  








5) ❡  ε⋆
t = (
√





5)✳ ❉❛✈✐❞ ♦♥ ❡  ❋❧❛❝❤❛✐ ❡ ✭✶✾✾✾✮ ❞ ♠♦♥  ❡♥   ✉❡ ❧❛ ❧♦✐ ❜✐✲❛ ♦♠✐ ✉❡
 ②♠   ✐ ✉❡  ✉✐ ♣ ❡♥❞ ❧❡  ✈❛❧❡✉   +1 ♦✉ −1 ❛✈❡❝ ❧❛ ♠ ♠❡ ♣ ♦❜❛❜✐❧✐   1/2 ❜ ♥ ✜❝✐❡ ❞✬✉♥❡
❛♠ ❧✐♦ ❛ ✐♦♥ ❛ ②♠♣ ♦ ✐ ✉❡  ❡❧✐ ❡   ❧✬✐♥❞ ♣❡♥❞❛♥❝❡ ❛ ②♠♣ ♦ ✐ ✉❡ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡  ✉✐ ❢❛✐ 
❧✬♦❜❥❡  ❞✉ ❜♦♦    ❛♣ ❡  ❞✉  ●❉ ❜♦♦    ❛♣✳ ❈❡  ❡ ❞❡ ♥✐  ❡ ✈❡  ✐♦♥ ❞♦♥♥❡ ❞❡  ♣❡ ❢♦ ♠❛♥❝❡ 
 ♦✉❥♦✉    ✉♣  ✐❡✉ ❡  ❛✉① ❛✉  ❡  ❝❤♦✐① ❞❡ ˆ F ♣ ♦♣♦    ❞❛♥  ❧❛ ❧✐    ❛ ✉ ❡✱ ❧❡     ✉❧ ❛   ♣❡✉✈❡♥ 
   ❡ ❡①❛❝   ❞❛♥  ❝❡  ❛✐♥  ❝❛  ♣  ❝✐ ✳
✸✳✸ ❙  ✐❡   ❡♠♣♦ ❡❧❧❡ 
❉❛♥  ❧❡ ❝❛❞ ❡ ❞❡     ✐❡   ❡♠♣♦ ❡❧❧❡    ❛ ✐♦♥♥❛✐ ❡ ✱  ✐ ❧❡  ❞♦♥♥ ❡   ♦♥  ❞ ♣❡♥❞❛♥ ❡  ❞❛♥ 
❧❡  ❡♠♣ ✱ ♦♥ ♥❡ ♣❡✉  ♣❛  ❧❡   ❡ ✐ ❡  ❞❡ ❢❛ ♦♥ ✐♥❞ ♣❡♥❞❛♥ ❡✳ ▲❡    ❝❤❛♥ ✐❧❧♦♥♥❛❣❡ ❞♦✐   ❡♥✐ 
❝♦♠♣ ❡ ❞❡ ❝❡ ❝❛ ❛❝   ❡ ❞ ♣❡♥❞❛♥  ❞❛♥  ❧❡ ♣ ♦❝❡  ✉  ❣ ♥  ❛ ❡✉  ❞❡ ❞♦♥♥ ❡ ✳
▲❡ ❜♦♦    ❛♣   ❝✉  ✐❢ ❡   ✉ ✐❧✐    ✐ ❧❡ ♠♦❞ ❧❡ ❡   ♣❛ ❛♠   ✐ ✉❡✱ ❛✈❡❝ ✉♥❡    ✉❝ ✉ ❡ ✐✳✐✳❞✳
 ♦✉ ✲❥❛❝❡♥ ❡✱  ❡❧ ✉♥ ♠♦❞ ❧❡ ❆❘▼❆✳ ❙✉♣♣♦ ♦♥  ♣❛  ❡①❡♠♣❧❡  ✉✬✉♥❡    ✐❡ yt ❡   ❣ ♥   ❡ ♣❛ 
❧❡ ♠♦❞ ❧❡ ❆❘▼❆✭p✱q✮  ✉✐✈❛♥ ✱
yt + α1yt−1 + ... + αpyt−p = ut + β1ut−1 + ... + βput−q ✭✽✮
 ✉❡ ❧✬♦♥ ♣❡✉     ❝ ✐ ❡ A(L,α)yt = B(L,β)ut✱ ♦  A ❡  B  ♦♥  ❞❡  ❢♦♥❝ ✐♦♥  ❝♦♥♥✉❡ ✱
L ❧✬♦♣  ❛ ❡✉  ❞❡  ❡ ❛ ❞ ✱ α ❡  β ❞❡  ✈❡❝ ❡✉   ❞❡ ♣❛ ❛♠   ❡ ✱ ❡  ut ✉♥❡ ✈❛ ✐❛❜❧❡ ❛❧ ❛ ♦✐ ❡
✐♥❞ ♣❡♥❞❛♥ ❡ ❡  ✐❞❡♥ ✐ ✉❡♠❡♥  ❞✐   ✐❜✉ ❡✳ ❯♥  ❝❤❛♥ ✐❧❧♦♥ ❜♦♦    ❛♣ ♣❡✉     ❡ ❣ ♥      ❝✉ ✲
 ✐✈❡♠❡♥  ♣❛  A(L, ˜ α)y⋆
t = B(L, ˜ β)u⋆
t✱ ♦  ˜ α ❡  ˜ β  ♦♥  ❞❡  ❡  ✐♠❛ ❡✉   ❝♦♥✈❡ ❣❡♥   ❞❡ α ❡ 
β ❞✉ ♠♦❞ ❧❡ ❝♦♥  ❛✐♥ ✱ u⋆
t ❡    ✐   ❞❡ ❢❛ ♦♥ ✐♥❞ ♣❡♥❞❛♥ ❡ ❡  ❛✈❡❝  ❡♠✐ ❡ ❞❛♥  ✉♥❡ ❢♦♥❝ ✐♦♥
❞❡    ❝❤❛♥ ✐❧❧♦♥♥❛❣❡  ✉✐ ❡  ✐♠❡ ❞❡ ❢❛ ♦♥ ❡♠♣✐ ✐ ✉❡ ❧❛ ❧♦✐ ❞❡  ❛❧ ❛ ✱ ✈♦✐  ❧❛  ❡❝ ✐♦♥ ✭✸✳✶✮✳
 ♦✉   ✈✐ ❡  ❧❡  ♣ ♦❜❧ ♠❡  ❛✉ ❜♦ ❞✱ ❧✬✐♥✐ ✐❛❧✐ ❛ ✐♦♥ ❧❛ ♣❧✉  ♣ ❛ ✐ ✉❡ ❡  ♣❛ ❢♦✐  ❧❛  ❡✉❧❡ ❢❛✐ ❛❜❧❡
❝♦♥ ✐  ❡   ❝♦♥❞✐ ✐♦♥♥❡  ❧✬ ❝❤❛♥ ✐❧❧♦♥ ❜♦♦    ❛♣ ♣❛   ❛♣♣♦   ❛✉① ♣ ❡♠✐  ❡  ❞♦♥♥ ❡  ♦❜ ❡ ✈ ❡ ✳
✶✶ ❛  ❡①❡♠♣❧❡✱ ♣♦✉  ❧❡ ♠♦❞ ❧❡ ❆❘✭✶✮ ✿ yt = ρyt−1 + ut✱ ♦♥ ❛✉ ❛✐  y⋆
1 = ˜ ρy0 + u⋆
1✱ ♣✉✐ 
y⋆
2 = ˜ ρy⋆
1 + u⋆
2 ❡ ❝✳✳✳✱ ❧✬ ❝❤❛♥ ✐❧❧♦♥ ❜♦♦    ❛♣ ❡   ❝♦♥❞✐ ✐♦♥♥  ♣❛  ❧✬♦❜ ❡ ✈❛ ✐♦♥ y0✳ ❈♦♥❝❡ ✲
♥❛♥  ❧✬  ✉❞❡ ❞❡ ❧❛ ♣  ❝✐ ✐♦♥ ❞✉ ❜♦♦    ❛♣✱ ♦♥ ♣❡✉   ❡   ❢  ❡    ❋ ❡❡❞♠❛♥ ✭✶✾✽✹✮ ♦✉ ❇♦ ❡
✭✶✾✽✽✮✳
▲❡ ❜♦♦    ❛♣ ♣❛  ❜❧♦❝  ❡   ✉♥❡ ❣ ♥  ❛❧✐ ❛ ✐♦♥ ❞❡ ❧❛ ♠  ❤♦❞❡ ❞✉ ❜♦♦    ❛♣ ♣♦✉  ❧❡ 
   ✐❡    ❛ ✐♦♥♥❛✐ ❡ ✱ ❧♦   ✉✬♦♥ ♥✬❛ ❛✉❝✉♥❡ ✐♥❢♦ ♠❛ ✐♦♥  ✉  ❧❛ ❢♦ ♠❡ ❞❡ ❧❛ ❞ ♣❡♥❞❛♥❝❡ ❞❡ 
❞♦♥♥ ❡ ✳ ▲❡ ♣ ✐♥❝✐♣❡ ❝♦♥ ✐  ❡    ❡❣ ♦✉♣❡  ❧❡     ✐❞✉  ❝❡♥     ❞❛♥  ❞❡  ❜❧♦❝  ❞❡ ❧♦♥❣✉❡✉  l
❛✜♥ ❞❡ ❝❛♣ ❡  ❞✉ ♠✐❡✉① ♣♦  ✐❜❧❡ ❧❛ ❞ ♣❡♥❞❛♥❝❡ ❡①✐  ❛♥ ❡✳ ▲❡    ❝❤❛♥ ✐❧❧♦♥♥❛❣❡  ❡ ❢❛✐  ❡♥  ✐✲
 ❛♥  ❞❡ ♠❛♥✐  ❡ ✐♥❞ ♣❡♥❞❛♥ ❡ ❡  ❛✈❡❝  ❡♠✐ ❡ ❝❡  ❜❧♦❝ ✳ ■❧ ❡①✐  ❡ ❞❡✉① ♠❛♥✐  ❡  ❞✐✛  ❡♥ ❡  ❞❡
❝♦♥   ✉✐ ❡ ❞❡  ❜❧♦❝ ✳ ▲❛ ♣ ❡♠✐  ❡✱ ❞ ✈❡❧♦♣♣ ❡ ♣❛  ❈❛ ❧  ❡✐♥ ✭✶✾✽✻✮✱ ❝♦♥ ✐  ❡    ✐ ❡  ❞❡  ❜❧♦❝ 
❞✐ ❥♦✐♥    ✉✐  ♦♥  ❝♦♠♣♦    ❞✬♦❜ ❡ ✈❛ ✐♦♥  ♥❡ ♣♦✉✈❛♥  ♣❛  ❛♣♣❛  ❡♥✐    ✉♥ ❛✉  ❡ ❜❧♦❝✱ ♦♥
❧✬❛♣♣❡❧❧❡ ❧❡ ❜♦♦    ❛♣   ❛ ✐♦♥♥❛✐ ❡✳ ▲❛  ❡❝♦♥❞❡ ❞ ✈❡❧♦♣♣ ❡ ♣❛  ❑ ♥ ❝❤ ✭✶✾✽✾✮✱ ❧❡ ❜♦♦  ✲
  ❛♣ ▼❇❇ ✏▼♦✈✐♥❣ ❇❧♦❝❦ ❇♦♦    ❛♣✑✱ ❝♦♥ ✐  ❡    ✐ ❡  ❞❡  ❜❧♦❝  ♥♦♥✲❞✐ ❥♦✐♥  ✳ ▲✬✐♥❝♦♥✈ ♥✐❡♥ 
♣ ✐♥❝✐♣❛❧ ❞❡ ❝❡   ❡❝❤♥✐ ✉❡  ❡    ✉✬❡❧❧❡  ❣ ♥  ❡♥  ❞❡  ❞♦♥♥ ❡   ✉✐ ♥✬♦♥  ♣❛  ❧❛ ♠ ♠❡    ✉❝ ✉ ❡
❞❡ ❞ ♣❡♥❞❛♥❝❡  ✉❡ ❧❡  ❞♦♥♥ ❡  ❞✬♦ ✐❣✐♥❡✳ ▲❛ ❝♦♥   ✉❝ ✐♦♥ ❞❡ ❜❧♦❝  ✐♥❞ ♣❡♥❞❛♥   ❧❛✐  ❡  ✉♣✲
♣♦ ❡   ✉❡ ❧❡  ❞♦♥♥ ❡   ♦♥  ✐♥❞ ♣❡♥❞❛♥ ❡  ❛♣    ✉♥ ❝❡  ❛✐♥ ♥♦♠❜ ❡ ❞❡  ❡ ❛ ❞ ✳ ❉❛♥  ❝❡  ❛✐♥❡ 
❝✐ ❝♦♥  ❛♥❝❡  ❧❡  ♣❡ ❢♦ ♠❛♥❝❡  ♥✉♠  ✐ ✉❡  ♣❡✉✈❡♥  ❛❧♦      ❡ ♠❛✉✈❛✐ ❡ ✱ ❝❡❧❧❡ ✲❝✐   ❛♥   ❡♥✲
 ✐❜❧❡  ❛✉ ❝❤♦✐① ❞❡ l✳ ❈❡   ❡❝❤♥✐ ✉❡  ❝♦♥ ✐♥✉❡♥  ❞❡ ❢❛✐ ❡ ❧✬♦❜❥❡  ❞✬✉♥ ❣ ❛♥❞ ♥♦♠❜ ❡ ❞❡   ❛✈❛✉①
❞❛♥  ❧❛ ❧✐    ❛ ✉ ❡✳
❈♦♥❝❡ ♥❛♥  ❧❡  ♠♦❞ ❧❡  ♥♦♥✲  ❛ ✐♦♥♥❛✐ ❡ ✱ ✐❧ ❢❛✉  ♣ ❡♥❞ ❡ ❞❡ ❣ ❛♥❞❡  ♣  ❝❛✉ ✐♦♥  ❝❛  ❧❡
❜♦♦    ❛♣ ♥❡ ❢♦♥❝ ✐♦♥♥❡ ♣❛   ♦✉❥♦✉  ✱ ✈♦✐  ❇❛ ❛✇❛✱ ▼❛❧❧✐❦✱ ▼❝❈♦ ♠✐❝❦✱ ❡  ❚❛②❧♦  ✭✶✾✽✾✮✳
❉❛♥  ❧❡ ❝❛❞ ❡ ❞✬✉♥  ❡   ❞❡  ❛❝✐♥❡ ✉♥✐ ❛✐ ❡✱ ❧❡  ●❉ ❜♦♦    ❛♣ ❞♦✐  ♥ ❝❡  ❛✐ ❡♠❡♥  ✐♠♣♦ ❡  ❧❛
 ❛❝✐♥❡ ✉♥✐ ❛✐ ❡✱ ❝✬❡     ❞✐ ❡  ❡ ♣❡❝ ❡  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡✱  ✐♥♦♥ ✐❧ ♥✬❡   ♣❛  ✈❛❧✐❞❡✱ ✈♦✐  ❇❛ ❛✇❛
❡  ❛❧✳ ✭✶✾✾✶❛✱ ✶✾✾✶❜✮✱ ▲✐ ❡  ▼❛❞❞❛❧❛ ✭✶✾✾✻✮✱ ✈❛♥ ●✐❡  ❜❡ ❣❡♥ ✭✶✾✾✽✮ ♦✉ ❡♥❝♦ ❡ ❇❡  ❛✐❧ ✭✶✾✾✹✮
❞❛♥  ❧❛ ❧✐    ❛ ✉ ❡ ❢ ❛♥ ❛✐ ❡✳  ❧✉   ✉❡ ♣♦✉  ❜ ♥ ✜❝✐❡  ❞❡ ❧✬❛♠ ❧✐♦ ❛ ✐♦♥ ❛ ②♠♣ ♦ ✐ ✉❡ ❞❡ ❉❛✲
✈✐❞ ♦♥ ❡  ▼❛❝❑✐♥♥♦♥ ✭✶✾✾✾✮✱ ❝❡  ❡ ❝♦♥❞✐ ✐♦♥ ❡   ✐♥❞✐ ♣❡♥ ❛❜❧❡ ♣♦✉  ❧❛ ✈❛❧✐❞✐   ❛ ②♠♣ ♦ ✐ ✉❡
❞✉  ❡   ❜♦♦    ❛♣ ❞❡  ❛❝✐♥❡ ✉♥✐ ❛✐ ❡✳
 ♦✉  ♣❧✉  ❞❡ ❞  ❛✐❧  ❝♦♥❝❡ ♥❛♥  ❧❡ ❜♦♦    ❛♣ ❞❛♥  ❧❡  ♠♦❞ ❧❡  ❞②♥❛♠✐ ✉❡ ✱ ♦♥ ♣❡✉   ❡
  ❢  ❡  ❛✉  ✉ ✈❡② ❞❡ ▲✐ ❡  ▼❛❞❞❛❧❛ ✭✶✾✾✻✮ ❡    ❧❛  ❤  ❡ ❞❡ ✈❛♥ ●✐❡  ❜❡ ❣❡♥ ✭✶✾✾✽✮✱  ✉✐
❝♦♥ ✐❞  ❡♥   ❣❛❧❡♠❡♥  ❧❡  ♠♦❞ ❧❡  ❞❡ ❝♦✐♥  ❣ ❛ ✐♦♥✳
✸✳✹ ▼♦❞ ❧❡  ✉ ✲✐❞❡♥ ✐✜  ❡  ❛✉  ❡  ❝❛ 
▲✬❡  ✐♠❛ ✐♦♥ ♣❛  ✈❛ ✐❛❜❧❡  ✐♥   ✉♠❡♥ ❛❧❡   ❡♣♦ ❡ ❡♥  ❡ ❛✉  ❡   ✉  ❧✬❤②♣♦ ❤  ❡ ❞✬❛❜ ❡♥❝❡ ❞❡
❝♦   ❧❛ ✐♦♥ ❡♥  ❡ ❧❡  ✐♥   ✉♠❡♥   ❡  ❧❡  ❛❧ ❛  ✿ E(W ⊤u) = 0✱ ♦  W ❡   ❧❛ ♠❛  ✐❝❡ n×l ❞❡ 
✐♥   ✉♠❡♥   ❡  u ❧❡ ✈❡❝ ❡✉  ❞❡  ❛❧ ❛ ✳ ❉❛♥  ❧❡ ❝❛❞ ❡ ❞✉ ❜♦♦    ❛♣ ❝❧❛  ✐ ✉❡✱ ❝❡  ❡ ❤②♣♦ ❤  ❡
♥✬❡   ♣❛   ❡ ♣❡❝  ❡ ✿ E(W ⊤u⋆) = W ⊤˜ u = K✱ ♣✉✐  ✉❡ K ❡   ♥✉❧  ❡✉❧❡♠❡♥   ✐ ❧❡ ♥♦♠❜ ❡
❞✬✐♥   ✉♠❡♥   ❡    ❣❛❧ ❛✉ ♥♦♠❜ ❡ ❞❡   ❣ ❡  ❡✉   l = k✳ ❙✐ ❧❡ ♠♦❞ ❧❡ ❡    ✉ ✲✐❞❡♥ ✐✜ ✱ ✐❧ ❢❛✉ 
✶✷❞♦♥❝ ♠♦❞✐✜❡  ❧✬✐♠♣❧ ♠❡♥ ❛ ✐♦♥ ❞✉ ❜♦♦    ❛♣ ❞❡ ♠❛♥✐  ❡   ❝❡  ✉❡ ❧❡  ●❉ ❜♦♦    ❛♣  ❡ ♣❡❝ ❡
❝❡  ❡ ❤②♣♦ ❤  ❡✳ ❋ ❡❡❞♠❛♥ ✭✶✾✽✹✮ ❡   ❧❡ ♣ ❡♠✐❡      ❛✐ ❡  ❝❡ ♣ ♦❜❧ ♠❡ ❞❛♥  ❧❡ ❝❛❞ ❡ ❞✬✉♥❡
❡  ✐♠❛ ✐♦♥ ✷❙▲❙ ❡  ❋ ❡❡❞♠❛♥ ❡   ❡ ❡   ✭✶✾✽✹❛✱ ✶✾✽✹❜✮ ♣ ♦♣♦ ❡♥  ✉♥❡ ✐❧❧✉   ❛ ✐♦♥ ❞❡ ❝❡ 
 ❡❝❤♥✐ ✉❡ ✳ ❉❛♥  ❧❡ ❝❛❞ ❡ ❞✬✉♥❡ ❡  ✐♠❛ ✐♦♥ ♣❛  ✈❛ ✐❛❜❧❡  ✐♥   ✉♠❡♥ ❛❧❡  ✭■❱✮✱ ❧❛  ♦❧✉ ✐♦♥ ❧❛
♣❧✉   ✐♠♣❧❡ ❝♦♥ ✐  ❡   ♣ ♦❥❡ ❡  ♦  ❤♦❣♦♥❛❧❡♠❡♥  ˜ u  ✉  ❧✬❡ ♣❛❝❡ ❡♥❣❡♥❞   ♣❛  ❧❡  ✐♥   ✉♠❡♥  
❡   ❡ ❡♥✐  ❧❡ ❝♦♠♣❧ ♠❡♥  ❞❡ ❝❡  ❡ ♣ ♦❥❡❝ ✐♦♥ ✿ MW ˜ u✱ ♦  MW = I − W(W ⊤W)−1W ⊤✳
▲❡  ❛❧ ❛  ❞✉  ●❉ ❜♦♦    ❛♣ u⋆  ♦♥   ❡ ✐    ❞❛♥  ❧❡     ✐❞✉   ❡  ❛♥❞❛ ❞✐    ❡  ❝❡♥     MW ˜ u✳
❉❡ ♠❛♥✐  ❡ ❣ ♥  ❛❧❡✱ ♣ ❡  ✉❡  ♦✉  ❧❡   ②♣❡  ❞❡ ♠♦❞ ❧❡   ❝♦♥♦♠   ✐ ✉❡  ♦♥  ✉♥❡ ✈❡  ✐♦♥
❛♣♣ ♦♣ ✐ ❡ ❞✉ ❜♦♦    ❛♣ ✿ ❧❡  ♠♦❞ ❧❡  ❞❡   ❣ ❡  ✐♦♥ ❛✈❡❝ ❞❡  ❛❧ ❛  ❤    ♦ ❝ ❞❛  ✐ ✉❡  ❡ ✴♦✉
❛✉ ♦❝♦   ❧  ✱ ❧❡  ♠♦❞ ❧❡  ❞❡   ❣ ❡  ✐♦♥  ❛♥  ❧✐❡♥ ❛♣♣❛ ❡♥ ✱ ❧❡  ♠♦❞ ❧❡  ❛✈❡❝ ❞❡   ❡ ❛ ❞  ❞❡ ❧❛
✈❛ ✐❛❜❧❡ ❞ ♣❡♥❞❛♥ ❡✱ ❧❡  ♠♦❞ ❧❡    ❞♦♥♥ ❡  ❞❡ ♣❛♥❡❧✱ ❧❡  ♠♦❞ ❧❡      ✉❛ ✐♦♥   ✐♠✉❧ ❛♥ ❡ ✱ ❧❡ 
❧♦❣✐ ✱ ♣ ♦❜✐ ✱  ♦❜✐  ❡  ❛✉  ❡  ♠♦❞ ❧❡    ✈❛ ✐❛❜❧❡ ❞ ♣❡♥❞❛♥ ❡ ❧✐♠✐  ❡✱ ❧❡  ❡  ✐♠❛ ❡✉    ♦❜✉  ❡ ✱
❧❡  ♠♦❞ ❧❡  ❞❡  ✉ ✈✐❡✱ ❧❡  ❡  ✐♠❛ ✐♦♥   ❡♠✐✲♣❛ ❛♠   ✐ ✉❡  ✈♦✐ ❡ ♥♦♥✲♣❛ ❛♠   ✐ ✉❡ ✱ ❧❡   ❡   
❞❡  ❛❝✐♥❡ ✉♥✐ ❛✐ ❡ ❡  ❧❡  ♠♦❞ ❧❡  ❞❡ ❝♦✐♥  ❣ ❛ ✐♦♥✳  ♦✉  ♣❧✉  ❞✬✐♥❢♦ ♠❛ ✐♦♥ ✱ ❧❡  ❛  ✐❝❧❡  ❞❡
❏❡♦♥❣ ❡  ▼❛❞❞❛❧❛ ✭✶✾✾✸✮ ❡  ❱✐♥♦❞ ✭✶✾✾✸✮ ❢♦♥  ❧❡ ♣♦✐♥   ✉  ❧✬❡♥ ❡♠❜❧❡ ❞❡ ❝❡  ❛♣♣❧✐❝❛ ✐♦♥ ✳
✹ ▲❡  ✐♥ ❡ ✈❛❧❧❡  ❞❡ ❝♦♥✜❛♥❝❡
■❧ ❡①✐  ❡ ✉♥❡  ❡❧❛ ✐♦♥ ❞✉❛❧❡ ❡♥  ❡ ❧❡  ✐♥ ❡ ✈❛❧❧❡  ❞❡ ❝♦♥✜❛♥❝❡ ❡  ❧❡   ❡    ❞✬❤②♣♦ ❤  ❡  ✿ ✉♥
✐♥ ❡ ✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❛✈❡❝ ✉♥ ♥✐✈❡❛✉ ❞❡ ❝♦♥✜❛♥❝❡ 1−α ❝♦♥ ✐❡♥  ❧✬❡♥ ❡♠❜❧❡ ❞❡  ✈❛❧❡✉   ❞❡ 
♣❛ ❛♠   ❡   ✉✐ ♥❡  ❡❥❡  ❡♥  ♣❛  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡ ❛✉ ♥✐✈❡❛✉ ♥♦♠✐♥❛❧ α✳ ❉❛♥  ❝❡  ❡  ❡❝ ✐♦♥✱
♥♦✉  ♣   ❡♥ ♦♥  ❧❛ ❝♦♥   ✉❝ ✐♦♥ ❞❡  ✐♥ ❡ ✈❛❧❧❡  ❞❡ ❝♦♥✜❛♥❝❡ ❜♦♦    ❛♣✱ ♣✉✐  ♥♦✉  ♠♦♥  ♦♥ 
 ✉❡ ❧❛ ❞✉❛❧✐   ❛✈❡❝ ❧❡   ❡    ❞✬❤②♣♦ ❤  ❡ ♥✬❡   ♣❧✉  ✈  ✐✜ ❡ ❧♦   ✉✬♦♥ ✉ ✐❧✐ ❡ ❧❡ ❜♦♦    ❛♣✳
✹✳✶ ▲❡ ❜♦♦    ❛♣
 ❛  ❝♦♥   ✉❝ ✐♦♥✱ ✉♥ ✐♥ ❡ ✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❜✐✲❧❛   ❛❧ ❡   ✉♥ ✐♥ ❡ ✈❛❧❧❡ ❞❛♥  ❧❡ ✉❡❧ ❧❛
✈ ❛✐❡ ✈❛❧❡✉  β0 ❞✉ ♣❛ ❛♠   ❡ ❞✬✐♥       ❡   ♦✉✈❡ 100(1 − 2α)% ❞❡ ❢♦✐ ✳ ❉❛♥  ❧❡ ❝♦♥ ❡① ❡
❞❡  ♠♦❞ ❧❡  ❞❡   ❣ ❡  ✐♦♥✱ ♦♥ ❝❛❧❝✉❧❡ ✉♥ ❡  ✐♠❛ ❡✉  ˆ β ❞✉ ♣❛ ❛♠   ❡ ❞✬✐♥     ✱ ✉♥ ❡  ✐♠❛ ❡✉ 
ˆ S(ˆ β) ❞❡  ♦♥  ❝❛  ✲ ②♣❡ ❡  ✉♥❡ ✈❛❧❡✉  ❝ ✐ ✐ ✉❡ cα ✐  ✉❡ ❡♥ ❣ ♥  ❛❧ ❞❡ ❧❛ ❧♦✐ ❞❡ ❙ ✉❞❡♥ ✱ ♦♥
❝♦♥   ✉✐  ❤❛❜✐ ✉❡❧❧❡♠❡♥  ❧✬✐♥ ❡ ✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❝♦♠♠❡  ✉✐  ✿
h
ˆ β − cα ˆ S(ˆ β) ; ˆ β + cα ˆ S(ˆ β)
i
✭✾✮
❈❡  ✐♥ ❡ ✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❡   ❡①❛❝  ❞❛♥  ❧❡ ❝❛  ♣❛  ✐❝✉❧✐❡  ♦  ❧❡ ♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥ ❡  
❧✐♥ ❛✐ ❡ ❛✈❡❝ ❞❡    ❣ ❡  ❡✉   ❡①♦❣ ♥❡  ❡  ❞❡  ❛❧ ❛  ◆♦ ♠❛✉① ✿ ❧❛  ✉❛♥ ✐   (ˆ β−β0)/ˆ S(ˆ β)  ✉✐ 
❛❧♦   ❧❛ ❧♦✐ ❞❡ ❙ ✉❞❡♥ ✳ ❉❛♥   ♦✉  ❧❡  ❛✉  ❡  ❝❛ ✱ ❝✬❡   ✉♥ ✐♥ ❡ ✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❛♣♣ ♦①✐♠ ✳
❖♥ ✉ ✐❧✐ ❡ ❧❡ ❜♦♦    ❛♣ ♣♦✉  ❛♠ ❧✐♦ ❡  ❧❛  ✉❛❧✐   ❞❡ ❧✬❛♣♣ ♦①✐♠❛ ✐♦♥✳ ▲❛ ♠  ❤♦❞❡ ❞✉
✶✸❜♦♦    ❛♣ ❧❛ ♣❧✉   ✐♠♣❧❡ ❡  ❧❛ ♣❧✉  ♣❡ ❢♦ ♠❛♥ ❡ ❡   ❧❛ ♠  ❤♦❞❡ ♣❡ ❝❡♥ ✐❧❡✲t✳ ❙♦♥ ♣ ✐♥❝✐♣❡
❝♦♥ ✐  ❡   ❝❛❧❝✉❧❡  ❧❡   ❡✉✐❧  ❝ ✐ ✐ ✉❡ ✱ ♥♦♥ ♣❛    ♣❛  ✐  ❞❡ ❧❛ ❧♦✐ ❞❡ ❙ ✉❞❡♥ ✱ ♠❛✐    ♣❛  ✐  ❞❡
❧❛ ❧♦✐ ❜♦♦    ❛♣ ❞❡ ❧❛  ✉❛♥ ✐   ζ⋆ = (ˆ β⋆ − ˆ β)/ˆ S(ˆ β⋆)✱  ✉✐ ❡   ✉♥ ♣✐✈♦  ❛ ②♠♣ ♦ ✐ ✉❡✳ ❖♥
❝♦♥   ✉✐  ❛❧♦   ❧✬✐♥ ❡ ✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ✿
h
ˆ β − c
⋆
1−α ˆ S(ˆ β) ; ˆ β + c
⋆




1−α ❡  c⋆
α  ♦♥   ❡ ♣❡❝ ✐✈❡♠❡♥  ❧❡  ♣❡ ❝❡♥ ✐❧❡  100(1 − α) ❡  100α ❞❡ ❧❛ ❧♦✐ ❜♦♦    ❛♣✳
❈❡  ✐♥ ❡ ✈❛❧❧❡  ✐❡♥  ❝♦♠♣ ❡ ❞✬✉♥❡ ♣♦  ✐❜❧❡ ❛ ②♠   ✐❡ ❞❡ ❧❛ ❞✐   ✐❜✉ ✐♦♥ ❞❡ ♣ ♦❜❛❜✐❧✐  ✳
❯♥❡ ♠  ❤♦❞❡ ❛❧ ❡ ♥❛ ✐✈❡   ❧❛ ♠  ❤♦❞❡ ♣❡ ❝❡♥ ✐❧❡✲ t ❡   ❝❡❧❧❡ ♣ ♦♣♦  ❡ ♣❛  ❊❢ ♦♥ ✭✶✾✽✼✮✱
❛♣♣❡❧ ❡ ❇✐❛  ❈♦  ❡❝ ❡❞ ❛❝❝❡❧❡ ❛ ❡❞ ❝♦♥✜❞❡♥❝❡ ✐♥ ❡ ✈❛❧  ✱ ♦✉ BCa✳ ❈❡♣❡♥❞❛♥ ✱  ❛ ♠✐ ❡ ❡♥
♦❡✉✈ ❡ ❡   ♣❧✉  ❝♦♠♣❧❡①❡  ✉❡ ❧❛ ♠  ❤♦❞❡ ♣❡ ❝❡♥ ✐❧❡✲t  ❛♥   ✉✬❡❧❧❡  ♦✐  ♣♦✉  ❛✉ ❛♥  ♣❧✉ 
♣❡ ❢♦ ♠❛♥ ❡✳ ❊❧❧❡ ♣❡✉     ❡ ✉ ✐❧❡ ❧♦   ✉✬✐❧ ♥✬❡   ♣❛  ♣♦  ✐❜❧❡ ❞✬❛✈♦✐  ✉♥❡   ❛♥❞❛ ❞✐ ❛ ✐♦♥
❛❞  ✉❛ ❡ ❞❡ ❧❛  ✉❛♥ ✐   ζ⋆✱ ♣♦✉  ✉♥ ❡①♣♦   ❞  ❛✐❧❧  ❡  ❧❛ ❝♦♠♣❛ ❛✐ ♦♥ ❞❡ ❝❡  ❞✐✛  ❡♥ ❡ 
♠  ❤♦❞❡  ✈♦✐  ❍❛❧❧ ✭✶✾✾✷✮✳
✹✳✷ ❘❡❧❛ ✐♦♥ ❞✉❛❧❡
▲❛ ❝♦♥   ✉❝ ✐♦♥ ❞❡  ✐♥ ❡ ✈❛❧❧❡  ❞❡ ❝♦♥✜❛♥❝❡ ❜♦♦    ❛♣ ❛✈❡❝ ❧❛ ♠  ❤♦❞❡ ♣❡ ❝❡♥ ✐❧❡✲ t ❡  
     ♣ ♦❝❤❡ ❞❡ ❧✬✉ ✐❧✐ ❛ ✐♦♥ ❞✉ ❜♦♦    ❛♣ ❞❛♥  ❧❡ ❝❛❞ ❡ ❞❡   ❡    ❞✬❤②♣♦ ❤  ❡ ✳ ❚♦✉ ❡❢♦✐ ✱ ♥♦✉ 
❛❧❧♦♥  ♠♦♥  ❡   ✉❡ ❧❛  ❡❧❛ ✐♦♥ ❞✉❛❧❡ ❡♥  ❡ ❧❡  ❞❡✉① ❛♣♣ ♦❝❤❡  ♥✬❡   ❡♥ ❣ ♥  ❛❧ ♣❧✉  ✈  ✐✜ ❡
❧♦   ✉✬♦♥ ✉ ✐❧✐ ❡ ❧❡ ❜♦♦    ❛♣✳ ❈♦♥ ✐❞  ♦♥  ❧❡ ♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥ ♥♦♥✲❧✐♥ ❛✐ ❡ ✿
y = x(α,β) + u u ∼ F(0,σ
2) ✭✶✶✮
♦  y ❡   ❧❛ ✈❛ ✐❛❜❧❡ ❞ ♣❡♥❞❛♥ ❡ ❡  x(α,β) ✉♥❡ ❢♦♥❝ ✐♦♥ ❞❡   ❣ ❡  ✐♦♥  ✉✐ ❞  ❡ ♠✐♥❡ ❧❛ ✈❛❧❡✉ 
♠♦②❡♥♥❡ ❞❡ y ❝♦♥❞✐ ✐♦♥♥❡❧❧❡♠❡♥    α✱ β ❡  ✉♥ ❡♥ ❡♠❜❧❡ ❞❡   ❣ ❡  ❡✉   ❡①♦❣ ♥❡  Z ❀ u ❡  
✉♥ ✈❡❝ ❡✉    n ❝♦♠♣♦ ❛♥ ❡   ✉♣♣♦  ❡  ✐✳✐✳❞✳✱  ✉✐✈❛♥  ✉♥❡ ❞✐   ✐❜✉ ✐♦♥ F ✐♥❝♦♥♥✉❡ ❝❡♥   ❡ ❡ 
❞❡ ✈❛ ✐❛♥❝❡ ✜♥✐❡ σ2✳
− ▲✬❛♣♣ ♦❝❤❡ ❡♥  ❡ ♠❡ ❞❡   ❡    ❞✬❤②♣♦ ❤  ❡ ✿  ♦✐  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡ H0 : β = β0✱ ♦♥
❡  ✐♠❡ ❧❡ ♠♦❞ ❧❡ ✭✶✶✮ ❡  ♦♥ ❝❛❧❝✉❧❡ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡   τ = (ˆ β − β0)/ˆ S(ˆ β)✱ ♦  ˆ β ❡  
❧✬❡  ✐♠❛ ❡✉  ❞✉ ♣❛ ❛♠   ❡ β ❡  ˆ S(ˆ β) ❧✬❡  ✐♠❛ ❡✉  ❞❡  ♦♥  ❝❛  ✲ ②♣❡✳ ▲❡  ●❉ ❜♦♦    ❛♣ ❡  
❧❡  ✉✐✈❛♥  ✿
y
⋆ = x(˜ α,β0) + u
⋆ u
⋆ ∼ EDF(˜ u
(2)
t ) ✭✶✷✮
♦  ˜ α ❡   ❧✬❡  ✐♠❛ ❡✉  ❞✉ ♠♦❞ ❧❡ ❝♦♥  ❛✐♥  ❡  ˜ u
(2)
t ❧❡     ✐❞✉   ❡  ❛♥❞❛ ❞✐    ❡  ❝❡♥     ❞✉
✶✹♠♦❞ ❧❡ ❝♦♥  ❛✐♥ ✱ ✈♦✐  ✭✹✮✳ ❖♥ ❛♣♣ ♦①✐♠❡ ♣❛   ✐♠✉❧❛ ✐♦♥  ❧❛ ❧♦✐ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ❜♦♦    ❛♣
τ
⋆ = (ˆ β
⋆
0 − β0)/ˆ S(ˆ β
⋆
0) ✭✶✸✮
♦  ˆ β⋆
0 ❡   ❧✬❡  ✐♠❛ ❡✉  ❜♦♦    ❛♣ ❞❡ β0 ❡  S(ˆ β⋆
0) ✉♥ ❡  ✐♠❛ ❡✉  ❞❡  ♦♥  ❝❛  ✲ ②♣❡✳
− ▲✬❛♣♣ ♦❝❤❡ ❡♥  ❡ ♠❡ ❞❡  ✐♥ ❡ ✈❛❧❧❡  ❞❡ ❝♦♥✜❛♥❝❡ ✿ ♦♥ ❡  ✐♠❡ ❧❡ ♠♦❞ ❧❡ ✭✶✶✮ ❡  ♦♥
❝♦♥   ✉✐  ❧❡  ●❉ ❜♦♦    ❛♣ ❝♦♠♠❡  ✉✐ ✱
y
⋆ = x(ˆ α, ˆ β) + u
⋆ u
⋆ ∼ EDF(ˆ u
(2)
t ) ✭✶✹✮
♦  ˆ α ❡  ˆ β  ♦♥  ❧❡  ❡  ✐♠❛ ❡✉   ❞✉ ♠♦❞ ❧❡ ♥♦♥✲❝♦♥  ❛✐♥  ✭✶✶✮ ❡  ˆ u
(2)
t ❧❡     ✐❞✉   ❡  ❛♥❞❛ ❞✐   
❡  ❝❡♥     ❞✉ ♠♦❞ ❧❡ ♥♦♥✲❝♦♥  ❛✐♥ ✱ ✈♦✐  ✭✹✮✳ ❖♥ ❛♣♣ ♦①✐♠❡ ♣❛   ✐♠✉❧❛ ✐♦♥  ❧❛ ❧♦✐ ❞❡ ❧❛
 ✉❛♥ ✐   ❜♦♦    ❛♣
ζ
⋆ = (ˆ β
⋆ − ˆ β)/ˆ S(ˆ β
⋆) ✭✶✺✮
♦  ˆ β⋆ ❡   ❧✬❡  ✐♠❛ ❡✉  ❜♦♦    ❛♣ ❞❡ ˆ β ❡  S(ˆ β⋆) ✉♥ ❡  ✐♠❛ ❡✉  ❞❡  ♦♥  ❝❛  ✲ ②♣❡✳
❉❛♥  ❧✬❛♣♣ ♦❝❤❡ ❡♥  ❡ ♠❡ ❞❡  ✐♥ ❡ ✈❛❧❧❡  ❞❡ ❝♦♥✜❛♥❝❡✱ ❧❛   ❛ ✐  ✐ ✉❡ ❞✬✐♥      ζ⋆ ♥✬❡  
♣❛  ❛ ②♠♣ ♦ ✐ ✉❡♠❡♥  ✐♥❞ ♣❡♥❞❛♥ ❡ ❞✉  ●❉ ❜♦♦    ❛♣ ❝❛  ❝❡ ❞❡ ♥✐❡  ♥❡  ❡ ♣❡❝ ❡ ♣❛  ❧✬❤②✲
♣♦ ❤  ❡ ♥✉❧❧❡✱ ♦♥ ♣❡✉  ❞♦♥❝  ✬❛  ❡♥❞ ❡   ♥❡ ♣❛  ❜ ♥ ✜❝✐❡  ❞✉ ❣❛✐♥ ❞❡ ♣  ❝✐ ✐♦♥ ❞❡ ❉❛✈✐❞ ♦♥
❡  ▼❛❝❑✐♥♥♦♥ ✭✶✾✾✾✮  ✉✐ ❡   ❣❛ ❛♥ ✐❡ ❞❛♥  ❧✬❛♣♣ ♦❝❤❡ ❡♥  ❡ ♠❡ ❞❡   ❡    ❞✬❤②♣♦ ❤  ❡✱ ✈♦✐ 
❧❡   ❡❝ ✐♦♥  ✭✷✳✹✮ ❡  ✭✸✳✶✮✳ ❈❡❧❛ ♥✬❛ ♣❛  ❞✬✐♠♣❛❝  ❞❛♥  ❧❡ ❝❛❞ ❡ ❞✬✉♥ ♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥
❧✐♥ ❛✐ ❡   ❛ ✐ ✉❡ ❧♦   ✉❡ ❧❛   ❛ ✐  ✐ ✉❡ ❞❡  ❡   ♥❡ ❞ ♣❡♥❞  ✉❡ ❞❡    ❣ ❡  ❡✉   ❡  ❞❡     ✐❞✉ 
♠❛✐ ✱   ♣❛  ✐  ❞✉ ♠♦♠❡♥  ♦  ❧❡ ♠♦❞ ❧❡ ❡   ❞②♥❛♠✐ ✉❡ ❡ ✴♦✉ ♥♦♥✲❧✐♥ ❛✐ ❡✱ ❧❛ ❞✉❛❧✐   ❡♥  ❡ ❧❡ 
❞❡✉① ❛♣♣ ♦❝❤❡  ♥✬❡   ♣❧✉  ✈  ✐✜ ❡✱ ❧❡     ✉❧ ❛   ❡①♣  ✐♠❡♥ ❛✉① ❞❡ ✈❛♥ ●✐❡  ❜❡ ❣❡♥ ✭✶✾✾✽✮ ❧❡
❝♦♥✜ ♠❡♥ ✳
✺ ❆♣♣❧✐❝❛ ✐♦♥
❉❛♥  ❝❡  ❡  ❡❝ ✐♦♥✱ ♥♦✉  ✐❧❧✉   ♦♥  ❧✬✉ ✐❧✐ ❛ ✐♦♥ ❞✉ ❜♦♦    ❛♣ ❞❛♥  ❧❛ ♣ ❛ ✐ ✉❡✱     ❛✈❡  
✉♥ ❡①❡♠♣❧❡ ♥✉♠  ✐ ✉❡✳ ▲❡ ♠♦❞ ❧❡ ✉ ✐❧✐   ❝♦♥❝❡ ♥❡ ❧❛ ❞❡♠❛♥❞❡ ❞✬ ❧❡❝  ✐❝✐    ❡❧  ✉❡ ❧❡ ❝♦♥ ✐✲
❞  ❡ ❇❡ ♥❞ ✭✶✾✾✵✱ ❡①❡ ❝✐❝❡ ✸✱ ♣✳ ✸✸✾✮✳ ▲❡  ❞♦♥♥ ❡   ✉✬✐❧ ✉ ✐❧✐ ❡ ❞ ❝ ✐✈❡♥  ❧❛ ❝♦♥ ♦♠♠❛ ✐♦♥
   ✐❞❡♥ ✐❡❧❧❡ ❞✬ ❧❡❝  ✐❝✐   ❞❡ 42 ✈✐❧❧❡  ❞❡ ● ❛♥❞❡✲❇ ❡ ❛❣♥❡   ✉♥❡ ❞❛ ❡ ❞♦♥♥ ❡✱ ❡❧❧❡   ♦♥  ❞✐ ✲
♣♦♥✐❜❧❡  ❞❛♥  ❧❛ ❞✐  ✉❡  ❡ ❢♦✉ ♥✐❡ ❛✈❡❝  ♦♥ ♠❛♥✉❡❧✳ ■❧  ✬❛❣✐  ❞♦♥❝ ❞✬✉♥ ♠♦❞ ❧❡   ❛ ✐ ✉❡ ❛✈❡❝
❞❡  ❞♦♥♥ ❡  ✐♥❞✐✈✐❞✉❡❧❧❡ ✳ ▲❡ ♠♦❞ ❧❡ ❞❡   ❣ ❡  ✐♦♥  ✉  ❧❡ ✉❡❧ ♦♥   ❛✈❛✐❧❧❡ ❡   ❧❡  ✉✐✈❛♥ ✱
KWHt = β0 + β1 INCt + β2 (1/MC6t) + β3 GAS6t + β4 CAPt + ut ✭✶✻✮
✶✺♦  KWH ❡   ❧❛ ❝♦♥ ♦♠♠❛ ✐♦♥ ❞♦♠❡  ✐ ✉❡ ❞✬ ❧❡❝  ✐❝✐   ♣❛  ❝❧✐❡♥  ❞❛♥  ❝❤❛ ✉❡ ✈✐❧❧❡✱ INC
❧❡  ❡✈❡♥✉ ♠♦②❡♥ ❞❡  ❝♦♥ ♦♠♠❛ ❡✉  ✱ MC6 ❧❡ ❝♦   ♠❛ ❣✐♥❛❧ ❞❡ ❧✬ ❧❡❝  ✐❝✐  ✱ GAS6 ❧❡ ❝♦  
♠❛ ❣✐♥❛❧ ❞✉ ❣❛③✱ ❡  CAP ❧❛ ❝❛♣❛❝✐   ❞❡ ♣ ♦❞✉❝ ✐♦♥ ❞✬ ❧❡❝  ✐❝✐  ✳ ▲✬❡  ✐♠❛ ✐♦♥ ❞❡ ❝❡  ❡   ❣ ❡ ✲
 ✐♦♥ ❧✐♥ ❛✐ ❡ ♣❡✉     ❡ ❡✛❡❝ ✉ ❡ ♣❛  ❧❛ ♠  ❤♦❞❡ ❞❡  ♠♦✐♥❞ ❡  ❝❛     ♦ ❞✐♥❛✐ ❡   ✐ ♦♥  ✉♣♣♦ ❡
 ✉❡ ❧❡  ❛❧ ❛  ut  ♦♥  ✐♥❞ ♣❡♥❞❛♥   ❡  ✐❞❡♥ ✐ ✉❡♠❡♥  ❞✐   ✐❜✉  ✳ ❖♥    ❝ ✐  ❧❡ ♠♦❞ ❧❡ ✭✶✻✮ ❞❡
♠❛♥✐  ❡  ✐♠♣❧✐✜ ❡✱
Yt = Xtβ + ut ✭✶✼✮
♦  Yt = KWHt✱ Xt = (1,INCt,1/MC6t,GAS6t,CAPt) ❡   ✉♥❡ ❧✐❣♥❡ ❞❡ ❧❛ ♠❛  ✐❝❡
n × 5  ✉✐  ❡❣ ♦✉♣❡ ❧✬❡♥ ❡♠❜❧❡ ❞❡    ❣ ❡  ❡✉  ✱ ❡  β = (β0,β1,β2,β3,β4)✳  ♦✉  ♠❡   ❡
❡♥ ✈❛❧❡✉  ❧❡  ❛✈❛♥ ❛❣❡  ❞✉ ❜♦♦    ❛♣✱ ♥♦✉  ❝❤♦✐ ✐  ♦♥  ❞❛♥  ✉♥ ♣ ❡♠✐❡   ❡♠♣  ❞✬✉ ✐❧✐ ❡  ✉♥
 ❝❤❛♥ ✐❧❧♦♥ ❞❡ ♣❧✉  ♣❡ ✐ ❡  ❛✐❧❧❡✱ ♦   ❡✉❧❡  ❧❡  31 ♣ ❡♠✐  ❡  ❞♦♥♥ ❡   ♦♥  ✉ ✐❧✐  ❡ ✳
❇❡ ♥❞ ✭✶✾✾✵✱ ♣✳ ✸✹✵✮ ❝♦♥ ✐❞  ❡  ✉❡ ❧❛ ✈❛ ✐❛♥❝❡ ❞❡ ❧❛ ❝♦♥ ♦♠♠❛ ✐♦♥ ❞♦♠❡  ✐ ✉❡ ❞✬ ❧❡❝  ✐✲
❝✐   ♣♦✉  ❛✐     ❡ ✉♥❡ ❢♦♥❝ ✐♦♥ ❞✉ ♥♦♠❜ ❡ ❞❡ ❝♦♥ ♦♠♠❛ ❡✉   ♣❛  ✈✐❧❧❡  ✿ σ2/CUSTt✳ ❯♥❡
♠❛♥✐  ❡ ❞❡  ❡  ❡  ❝❡  ❡ ❤②♣♦ ❤  ❡ ❞✬❤    ♦ ❝ ❞❛  ✐❝✐   ❞❡  ❛❧ ❛ ✱ ♣ ♦♣♦  ❡ ♣❛  ❲❤✐ ❡ ✭✶✾✽✵✮✱
❝♦♥ ✐  ❡     ❣ ❡  ❡  ❧❡     ✐❞✉  ❞✉ ♠♦❞ ❧❡ ❞❡ ❞ ♣❛    ❧❡✈   ❛✉ ❝❛     ✉  ❧❛ ❝♦♥  ❛♥ ❡ ❡  ❧❡ 
✈❛ ✐❛❜❧❡   ✉ ❝❡♣ ✐❜❧❡  ❞✬❡①♣❧✐ ✉❡  ❧✬❤    ♦ ❝ ❞❛  ✐❝✐  ✱ ♣✉✐   ❡  ❡    ❧✬❛✐❞❡ ❞✬✉♥❡   ❛ ✐  ✐ ✉❡
❞❡ ❋✐ ❤❡  ❧❛ ♥✉❧❧✐   ❞❡  ♣❛ ❛♠   ❡  ❛  ♦❝✐   ❛✉① ❡①♣❧✐❝❛ ✐✈❡  ❛✉  ❡   ✉❡ ❧❛ ❝♦♥  ❛♥ ❡✳ ❉❛♥ 
♥♦  ❡ ❡①❡♠♣❧❡ ❧❡  ❡    ❡ ❝♦♥   ✉✐  ❡♥ ❡  ✐♠❛♥  ❧❡ ♠♦❞ ❧❡ ✭✶✼✮ ♣❛  ❖▲❙✱ ♣✉✐  ❡♥   ❣ ❡  ❛♥  ❧❡ 
   ✐❞✉  ❛✉ ❝❛     ✉  ❧❛ ❝♦♥  ❛♥ ❡ ❡  ❧❛ ✈❛ ✐❛❜❧❡ ✐♥✢✉❡♥ ❡ ✿ ˆ u2
t = γ0 + γ1(1/CUSTt) + εt✱
♦  εt ❡   ✉♥ ❜ ✉✐  ❜❧❛♥❝✳ ▲❡   ✉❞❡♥  ❛  ♦❝✐    γ1  ❡  ❡ ♥♦  ❡ ❤②♣♦ ❤  ❡ ❡  ♦♥ ♣❡✉  ❝❛❧❝✉❧❡ 
✉♥❡ P✲✈❛❧✉❡ ❞❡ ❝❡  ❡   ❛ ✐  ✐ ✉❡  ❧❡✈ ❡ ❛✉ ❝❛   ❡ ❡  ❜❛  ❡  ✉  ❧❛ ❧♦✐ ❞❡ ❋✐ ❤❡ ✳ ▲❡ ❝❛❧❝✉❧ ❞❡
❧❛ P✲✈❛❧✉❡ ❜♦♦    ❛♣ ❝♦♥ ✐  ❡ ❡♥ ❧❡    ❛♣❡   ✉✐  ✉✐✈❡♥  ✿
✶✳ ❊  ✐♠❡  ♣❛  ❖▲❙ ❧❡ ♠♦❞ ❧❡ ✭✶✼✮ ❞❡ ♠❛♥✐  ❡   ♦❜ ❡♥✐  ❧❡  ♣❛ ❛♠   ❡  ❡  ✐♠   ˆ β ❡  ❧❡ 
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❊  ✐♠❡  ♣❛  ❖▲❙ ❧❡     ✐❞✉  ❛✉ ❝❛     ✉  ❧❛ ❝♦♥  ❛♥ ❡ ❡  1/CUST ❞❡ ♠❛♥✐  ❡   ♦❜ ❡♥✐ 
✉♥❡   ❛❧✐ ❛ ✐♦♥ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ˆ τ  ✉✐  ❡  ❡ H0 : γ1 = 0✳
✷✳ ● ♥  ❡  ✉♥  ❝❤❛♥ ✐❧❧♦♥ ❜♦♦    ❛♣   ♣❛  ✐  ❞✉  ●❉ ❜♦♦    ❛♣ Y ⋆
t = Xtˆ β+u⋆
t ♦  u⋆
t ❡  
✉♥  ✐ ❛❣❡ ❛❧ ❛ ♦✐ ❡ ❞❛♥  ❧❡     ✐❞✉   ❡  ❛♥❞❛ ❞✐    ❡  ❝❡♥    ✳ ➚ ♣❛  ✐  ❞❡ ❝❡   ❝❤❛♥ ✐❧❧♦♥
❝❛❧❝✉❧❡  ✉♥❡ ♥♦✉✈❡❧❧❡   ❛❧✐ ❛ ✐♦♥ ❞❡ ❧❛   ❛ ✐  ✐ ✉❡ ˆ τ ⋆ ❝♦♠♠❡ ❞ ❝ ✐  ♣  ❝ ❞❡♠♠❡♥ ✳
✸✳ ❘ ♣  ❡  ❧✬  ❛♣❡ ♣  ❝ ❞❡♥ ❡ ✉♥ ❣ ❛♥❞ ♥♦♠❜ ❡ ❞❡ ❢♦✐  ❞❡ ♠❛♥✐  ❡   ♦❜ ❡♥✐  B   ❛ ✐  ✐ ✉❡ 
❜♦♦    ❛♣ ˆ τ ⋆
j ,j = 1,... ,B✳ ▲❡ ♥♦♠❜ ❡ ❞❡ ❢♦✐  ♦  ˆ τ ⋆
j ❡   ♣❧✉  ❣ ❛♥❞  ✉❡ ˆ τ✱ ❞✐✈✐   ♣❛ 
B✱ ❡   ❧❛ P✲✈❛❧✉❡ ❜♦♦    ❛♣✳
▲❛ P✲✈❛❧✉❡ ♦❜ ❡♥✉❡ ❛✈❡❝ ❧❛ ❧♦✐ ❞❡ ❋✐ ❤❡  ❡   Pf = 0.072 ❡  ❛✈❡❝ ❧❛ ❧♦✐ ❜♦♦    ❛♣ Pb = 0.036✱
♣♦✉  B = 9999✳  ♦✉  ✉♥  ❡✉✐❧ ❞❡ ❝♦♥✜❛♥❝❡   ✺✪ ❧❡  ❝♦♥❝❧✉ ✐♦♥   ♦♥  ♦♣♣♦  ❡  ✿ ❛✈❡❝ ❧❛
❧♦✐ ❛ ②♠♣ ♦ ✐ ✉❡ ♦♥ ♥❡ ♣❡✉  ♣❛   ❡❥❡ ❡  ❧✬❤②♣♦ ❤  ❡ ♥✉❧❧❡ ❛❧♦    ✉✬❛✈❡❝ ❧❛ ❧♦✐ ❜♦♦    ❛♣ ♦♥
✶✻❧❛  ❡❥❡  ❡✳ ❙✐ ♦♥  ❡❢❛✐  ❧✬❡①♣  ✐❡♥❝❡ ❛✈❡❝  ♦✉ ❡  ❧❡  ❞♦♥♥ ❡  n = 42 ♦♥   ♦✉✈❡ Pf = 0.0004
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